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Abstract 

Building upon a recent work by two of the authours and J. Seidler on bw-Feller property for stochastic nonlinear 
beam and wave equations, we prove the existence of an invariant measure to stochastic 2-D Navier-Stokes (with 
multiplicative noise) equations in unbounded domains. This answers an open question left after the first authour 
and Y. Li proved a corresponding result in the case of an additive noise. 
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1. Introduction 


A classical method of proving the existence of an invariant measure for a Markov proceess is the celebrated 
Krylov-Bogoliubov method. Originally it was used for Markov processes with values in locally compact state 
spaces, e. g. finite dimensional Euclidean spaces, see e.g. (36:] and (46]. In the recent years it has been successfully 
generalised to Markov processes with non-locally compact state spaces, e.g. infinite dimensional Hilbert and 
Banach spaces, see for instance the books by Da Prato and Zabczyk |2(| 27] and a fundamental paper by Flandoli 
0 for the case of 2 dimensional Navier-Stokes equations with additive noise. One should also mention here 
a somehow reverse problem, found for instance in the stochastic quantisation approach of Parisi and Wu (48], 
of constructing a Markov process with certain properties given an ’a priori invariant measure’. In the context 
of Stochastic Partial Differential Equations, this approach has been successfully implemented by Da Prato and 
Debussche for 2 dimensional Navier-Stokes equations with periodic boundary conditions driven by space time 
white noise in |24j| and for the 2-D stochastic quantization equation in [125(1 . 

The latter method is related to the approach by Dirichlet forms as for instance in 0 . In the field of deterministic 
dynamical systems the so called Avez method, see J 3 I] and psj], is also popular. It seems that the first of these 
methods when used in order to prove the existence of an invariant measure for Markov processes generated by 
SPDEs one requires the existence of an auxiliary set which is compactly embedded into the state space and in 
which the Markov process eventually lives. Thus, it has so far been restricted to SPDEs of parabolic type (giving 
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necessary conditions with smoothing effect) and in bounded domains (providing the needed compactness via the 
Rellich Theorem). 


On the other hand, as a byproduct of results obtained by Yuhong Li and the 1st named authour in 1 I1211 . about 
the existence of a compact absorbing set for stochastic 2 dimensional Navier-Stokes equations with additive noise 
in a certain class of unbounded domains, there exists an invariant measure for the Markov process generated by 
such equations. This, to the best of the authours knowledge, provides the first example of a nontrivial SPDEs 
without the previously required compactness assumption possessing an invariant measure. A posteriori, one can 
see that behind the proof is the continuity of the corresponding solution flow with respect to the weak topologies, 
see Examnle ll.il 


It is has been discovered in [42j, Proposition 3.1] that a /;tv-Feller semigroup has an invariant probability mea¬ 
sure provided the set 


i r, 

Tn Jo 


P*vds ; n > 1 


( 1 . 1 ) 


is tight on (H, bw). However, it is far from straightforward to identify stochastic PDEs for which the associated 
transition semigroups are /nv-Fellcr. This has been recently done for SPDEs of hyperbolic type (i.e. second order 
in time) such as beam and nonlinear wave equations in [20]. The aim of this work is to show that the general 
approach proposed in that paper is also applicable to stochastic Navier-Stokes equations in unbounded domains. 
In the case of bounded domains, the first such a result has been obtained by Flandoli in the celebrated paper 0. 
A similarity between the equations studied in |20tl and the current paper is that the linear generator has no compact 
resolvent. However, in the current situation, the generator is sectorial contrary to the former case. However, the 
smoothing of the semigroup is rather used to counterweight the non-smoothness of the nonlinearity. 

On the other hand, in [42j] Maslowski and Seidler proposed to use the of weak topologies to the proof of the 
existence of invariant measures but the applications of the proposed theory had limited scope. 

These two papers, i.e. 1421 and 0 have inspired us to investigate this matter further. 

Moreover, while working on the existence of solutions to geometric wave equations it has become apparent to 
us that the methods of using very fine techniques in order to overcome the difficulty arising from having only weak 
a’priori estimates should also allow one to prove the sequentially weak Feller property required by the Maslowski 
and Seidler approach. This made it possible to prove the existence of invariant measure for SPDES of hyperbolic 
type as for instance wave and beam, see the recent paper [2()j] by the Seidler and the 1st and 3rd authours. 

The aim of the current work is to show that the approach worked out in lEoll combined with the method of 
proving the existence of Stochastic Navier-Stokes Equations in general domains developed recently by 1st and 2nd 
authours, see for instance 0, indeed can lead to a proof of the existence of an invariant measure for stochastic 2 
dimensional Navier-Stokes equations with multiplicative noise (and additive as well) in unbounded domains and 
thus generalizing the previously mentioned result 10- 

Let us stress that the general result proved in Sections 5-10 of 10 does no apply directly to Stochastic NSEs. 
Instead we propose a scheme which is general enough that it should be applicable to other equations. Let us 
describe it in more detail. In a domain O c R 2 satisfying the Poincare inequality we consider the following 
stochastic Navier-Stokes equations in the functional form 


du(t) + Au(t ) dt + B(u(t), u(t )) dt — f dt + G(u(t)) dW(t), 
u(0 ) = no, 


t 6 [0,71, 


( 1 . 2 ) 


where A is the Stokes operator, uq e H, / e V' and we use the standard notation, see the parts of the paper around 
equation (13.2I >. In particular, W = (W(f)), >0 is a cylindrical Wiener process on a separable Hilbert space K defined 
on a ceratin probability space and the nonlinear diffusion coefficient G satisfy some natural assumptions. It is 
known (but we provide an independent proof of this fact) that the above problem has a unique global solution 
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n(f; mo), t > 0. The corresponding semigroup {P t )t> o is Markov, see Pronosition l6.il This semigroup is defined by 
the formula, see (16.2L 

(P,<f)(u 0 ) - E[<^(n(f; M 0 ))], t > 0, n 0 e H, (1.3) 


for any bounded Borel function ip e S/TH). Then, see Proposition 16.21 we prove that this semigroup is bw- 
Feller, i.e. for every t > 0 and every bounded sequentially weakly continuous function f : H —> R, the function 
P,(f>: H -> R is also bounded sequentially weakly continuous. 

The idea of the proof of the last result can be traced to recent papers by all three of us in which we proved 
the existence of weak martingale solutions to the stochastic geometric wave and Navier-Stokes and equations 
developed respectively in mEi) and 10. 

Finally, our main result, i.e. Theorem l6.5l about the existence of an invariant measure for the semigroup (P t ) t > o, 
follows provided some natural assumptions, as inequality (IG3b holds with Ag = 0, i.e. for someQp > 0, 


|G(M)|f 2(K>H) < (2 - 77)||«|| 2 +p, u 6 V, (1.4) 

guaranteeing the uniform boundedness in probability, are satisfied, see Corollarv l6.4l 

In proving Pronosition l6.2l the continuity/stability result contained in Theorem l5.9l nlavs an essential role. 

We will present now the earlier promised example based on the paper 0. 


Example 1.1. If ip — o is a deterministic dynamical system on a Hilbert space H, then one can define the 
corresponding Markov semigroup by 


[Pt(f)](x) := f(<p t (x)), t > 0, x e H. 

Suppose that the semiflow is sequentially weakly continuous in the following sense. 

If t n —* t 6 M+, x„ —* x weakly in H then tp tii (x n ) —* < p t (x) weakly in H. 


(1-5) 


( 1 . 6 ) 


Note that the above condition is satisfied for the deterministic 2-d Navier-Stokes equations, see h52\l and also ff2 
Lemma 7.2], 

Then, the assertion of Theorem 9.4 in f2C& holds. Indeed, let us choose and fix a bounded sequentially weakly 
continuous function f : H —> R, a sequence (f„) —> t and a sequence (x„) such that x„ —* x weakly in H. Then by 
assumption (11.6b ip, n (x n ) —* tpfx) weakly in H and since f is sequentially weakly continuous we infer that 


[Pl„(f)](Xn) = fWtfXn)) fispfx)) = P,f(x). 

The condition guaranteeing the existence of an invariant measure, see /2Cl Theorem 10.1 ], now reads as follows. 
There exists x 6 H such for every s > 0, there exists R > 0 such that 

1 C 

lim sup — l|^w| H >t?as < e (1.7) 

t —>oo t J o 

which is obviously satisfied provided the dynamical system <p = (i is bounded at infinity, i.e. there exists x e H 
and R > 0 such that |^> s (x)|h < R for all s > 0. It is well known that this condition holds for the deterministic 2-d 
Navier-Stokes equations in a Poincare domain (as well as for the damped Navier-Stokes Equations in the whole 
space R 2 . Thus we conclude, that in those cases, there exists an invariant measure. Of course, these are known 
results, the purpose of this Example is only to elucidate our paper by showing that it is also applicable to these 
cases. 


1 Throughout the whole paper we use the symbol T ~2 to denote the space of Hilbert-Schmidt operators between corresponding Hilbert spaces. 
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Let us pouit out that hlA Lemma 7.2 ] played an important role in that paper. 

We believe that the result described in this Example holds also for the Random dynamical system from ill/- In this 
way, we will get an alternative proof of the result existence of an invariant measure proved in that paper. 

The weak continuity property (fT6l l has also been investigated [% [H [71 [Til/ . In the first three of these refer¬ 
ences the weak to weak continuity is an important tool in proving the existence of an attractor for deterministic 2D 
Navier-Stokes Equations in unbounded domains, where, as we pointed out earlier, the compactness of the embed¬ 
ding from the Sobolev space H l to Lr does not hold. A similar type of continuity (weak to strong), is encountered 
in the proof of the large deviation principle for SPDES, see for instance l ( 4 Lemma 6.3] for the case of Stochastic 
Landau-Lifshitz Equations. It might be interesting to understand in the relationship between these two types of 
continuity. 


Let us finish the Introduction with a brief description of the content of the paper. Section [2] is devoted to 
recalling some basic notation and information. In section 0 we recall the fundamental facts about Navier-Stokes 
Equations. This section is based on a similar presentation in E, however, in the present paper, we make some 
modifications. In section[4]we formulate and prove the convergence result for a sequence of martingale solutions 
of the Stochastic NSEs, see for instance Theorems 14.91 and 14. 1 II The results of section [4] hold both in 2 and 3- 
dimensional possibly unbounded domains. Let us stress this again, these two results are for sequence of martingale 
solutions of the Stochastic NSEs. In the case when these are replaced by strong solutions of the corresponding 
Galerkin approximations, the corresponding results have been proved in II161 1. see also Theorem l4.8l in the present 
paper. In section[5]we recall the main results from E in the special case of 2-dimensional domains. Besides, we 
prove Theorem l5.9l needed in the main section, and being the counterpart of Theorem l4. 11 1 for the 2-dimensional 
case. Theorems 14.9114. 1 H and 15.91 generalise iflTl Lemmata 7.1 and 7.2]. In section[6]we state and proof the main 
result of this paper, i.e. the existence of invariant measures for Stochastic Navier-Stokes equations in 2-dimensional 
Poincare, possibly unbounded, domains with multiplicative noise. 
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2. Preliminaries 

The following introductory section is for the reader convenience and hence relies heavily on E.arXiv: 1208.3386 

Let O c K' ; , where d = 2,3, be an open connected subset with smooth boundary DO. For p e [1, oo) by IP(0, 
we denote the Banach space of (equivalence classes) of Lebesgue measurable K^-valucd p -th power integrable 
functions on the set O. The norm in L p (0, W 1 ) is given by 

\u\jj, := \u(x)\ p dxj P , ueL p (0,W i ). 

By L°°{0, R rf ) we denote the Banach space of Lebesgue measurable essentially bounded valued functions 
defined on O with the norm defined by 

\u\ La , := esssup {\u(x)\, x e O), u e L°°(0, R rf ). 

If p - 2, then ifiO, \9 d ) is a Hilbert space with the inner product given by 

(m,v) l 2 := I u(x) ■ v(x) dx, 

Jo 
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u, v e L 2 (0,M. d ). 













By H x (O, R d ) = H l ’ 2 {0, R rf ) we will denote the Sobolev space consisting of all u e L 2 (0, R d ) for which there exist 
weak derivatives D,u e Lr{0, R rf ), i = 1, ■ ■ • ,d. It is a Hilbert space with the inner product given by 

(u,v) H , := (m,v) L 2 + (Vm, Vv) L 2, u,v e H l (0,R d ), 

where (Vm, Vv) l2 := £]f =1 J 0 D/u(x ) • DjV(x) dx. Let Cfip, R^) denote the space of all Revalued functions of class 
C°° with compact supports contained in O. We will use the following classical spaces 

<V := [u eCf(0,R d ): divM=0}, 

H := the closure of 'V in L 2 (0 , R rf ), 

V := the closure of 'V in H l (0 , R d ). 

In the space H we consider the inner product and the norm inherited from Lr(0, R d ) and denote them by (•, -) H an d 
[ • |h, respectively, i.e. 

(n, v) H := (m, v) t2 , |m| h \u\ L i (OV u, v e H. 

In the space V we consider the inner product inherited from H l (0, R d ), i.e. 

(m,v) v := (m,v) L 2 +((m,v)), (2.1) 

where 

((m, v)) (Vm, Vv) l2 , m, v 6 V. (2.2) 

Note that the norm in V satisfies 

|m|2 := |m| 2 + |Vm| 2 2 , veV. (2.3) 

We will often use the notation || • || for the seminorm 

||m|| 2 := ((m,m)) = (Vm,Vm) L 2, m e V. 


A domain O satisfying the Poincare inequality, i.e. there exists a constant C > 0 such that 

C | ^p 2 d^< f |V^| 2 ^ for all ^ e H l Q (0) (2.4) 

Jo Jo 

will be called a Poincare domain. It is well known that, in the case when O is a Poincare domain, the inner product 
in the space V inherited from H x (0, M. d ), i.e. (m, v) v := (m, v) l2 + ((m, v)) is equivalent to the following one: 

(m, v) p := ((m, v)), m,veV. (2.5) 

In the sequel, if O is a Poincare domain, then in the space V we consider the inner product ((•, ■)) given by (12.2b 
and the corresponding norm || • ||. 

Denoting by (•, •) the dual pairing between V and V', i.e. (•, •) := y(-, -)v, by the Lax-Milgram Theorem, there 
exists a unique bounded linear operator 3\ : V —> V' such that we have the following equality 

{IRu, v) = ((m, v)), m, v 6 V. 

The operator Ch is closely related to the Stokes operator A defined by 

D( A) = (meV^me H), 

Am = m, if m e D( A). 
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( 2 . 6 ) 

(2.7) 


The Stokes operator A is a non-negative self-adjoint operator in H. Moreover, if O is a 2D or 3D Poincare domain, 
see (14.1 lb below, then A is strictly positive. We will not use the Stokes operator as in this paper we will be 
concerned only with the weak solutions to the stochastic Navier-Stokes equations, which in particular do not take 
values in the domain D( A) of A. 


Let us consider the following tri-linear form 


b(u 


, w, v) = | (, 

Jo 


u ■ Vvt ; )v dx. 


( 2 . 8 ) 


We will recall fundamental properties of the form b. By the Sobolev embedding Theorem (or Gagliardo-Nirenberg 
Inequality) we have, see for instance 154 Lemmata III.3.3 and III.3.5], 


!| L 4 (0) 


< 2 1/4 |ul L : ( j J) |V«i; 2(0) , ueH^iO), for d -2,3. 


by applying the Holder inequality, we obtain the following estimates 

|Kw,w,v)| = \b(u,v,w)\ < \u\ Li \w\ L A\Vv\ L i 

< c|m| v |M| v ||v|| v , m, w, v e V 


(2.9) 


( 2 . 10 ) 

( 2 . 11 ) 


for some positive constant c. Thus the form b is continuous on V, see also 15411 . Moreover, if we define a bilinear 
map B by B(u,w) := b(u,w, ■), then by inequality (12.1 lb we infer that B{u,w) e V' for all u, w e V and, by the 
Gagliardo-Nirenberg Inequality (12.9b ) that the following inequality holds, for d = 2,3, 


I B{u, w) | V ' < ci|w| i4 M i4 < c 2 \u\ X ~ * |Vm|* 2 |w|* 2 * [Vw|* 2 , 
< c 3 ||m|| v ||w|| v , 

In particular, the mapping B : V x V —> V' is bilinear and continuous. 


u, we V. 


Let us also recall the following properties of the form b, see Temam [54], Lemma II. 1.3, 

b(u,w,v) = -b{u,\,w), u, w, veV. 

In particular. 


( 2 . 12 ) 

(2.13) 


( B(u , v), v)) = b(u, v, v) = 0 m, v e V. 

We will need the following Frechet topologies. 

Definition 2.1. By L^ oc (0, we denote the space of all Lebesgue measurable R^-valued functions v such 

that J |v(x)| 2 dx < oo for every compact subset K c O. In this space we consider the Frechet topology generated 
by the family of seminorms 


Pr : = (|v(x)| 2 oU-) 2 , Re N, 


where (<9^)« e wis an increasing sequence of open bounded subsets of O with smooth boundaries and such that 
U«eN Or - O. □ 

By H] oc we denote the space H endowed with the Frechet topology inherited from the space L 2 0C (<9, R rf ). 


2 Such sequence ( Or )^ g jj always exist since it is sufficient to consider as Or a smoothed out version of the set O n B( 0, R), see for instance 
l56h and references therein. 
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Let us, for any s > 0 define the following standard scale of Hilbert spaces 

V, := the closure of 'V in H s (0, R rf ). 

If s > £r + 1 then by the Sobolev embedding Theorem, 

H s ~\0,WL d ) <-> C h (0,R d ) ^ r(0,M 1 '). 

Here C*(<9, R rf ) denotes the space of continuous and bounded Revalued functions defined on O. If u,w e V and 
v e V s with s > | + 1, then for some constant c > 0, 

\b(u,w,v)\ = \b(u, v, w)| < |M| t 2 |w| i 2 |Vv| L » < c|k| £ 2 M l 2 |v| V j . 

We have the following well know result used in the proof of iflii Lemma 5.4]. 

Lemma 2.2. Assume that s > | + 1. Then there exists a constant C > 0 such that 

|B(w,v)|v' < C|m| h |v| h , «,veV. (2.14) 

Hence, in particular, there exists a unique bilinear and bounded map B : H X H —* V' such that B(u, v) = B(u, v) 
for all u, v e V. 

In what follows, the map B will be denoted by B as well. 

3. Stochastic Navier-Stokes equations 

We begin this section with listing all the main assumptions. 

Assumption 3.1. We assume that the following objects are given. 

(H.l) A separable Hilbert space K; 

(H.2) a measurable map G : H —» Ti(K, V') that 

(i) is of linear growth, i.e. for some C > 0 

IIG(w)llr 2(K ,V') ^ C (1 + l«4). « e H. (Gl) 

(ii) G(v) e 7L(K. H)/or v 6 V, ant/ f/ze restriction map G : V —> 7T(K, H) is Lipschitz continuous, i.e. there 
exists a constant L > 0 such that 

|G(«l) - G(M 2 )[ r2( K,H) - C||Ml - «2ll V > Ml. M2 G V. (G2) 

( iii) for some constants To, p 77 e ( 0 , 2 ], 

|C(M)lr 2 (K,H) ^ ( 2 - ^IMI 2 + ^oI«Ih + P, ueW, (G3) 

(iv) and, for every f e W the function 

iJ/**G : Hioc 3 u i-> |k 3 y i-> y(G(u)y, v e Rj e K' is continuous. (G4) 
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(H.3) A real number p such that 

P €[ 2,2+-2-), (3.1) 

2 — J7 

where we put -Jf- = oo w/zen 77 = 2.; 

Z Jj 

(H.4) a Borel probability measure p^ on H such that J H \x\ p po(dx) < 00 is given. 

(H.5) an linear operator : V —> V' satisfying equality (Im 


Now we state definition of a martingale solution of equation (13.2b . We really need to consider the infinite time 
interval, i.e. [0, 00 ), however, we need also to state some of the results on the interval [0, T], where T > 0 is fixed. 
Thus, in the following definition we distinguish between the two cases of solution on a finite interval [0, T] and on 
[0, 00 ). 

Definition 3.2. Let us assume Assumrition l3.il Let T > 0 be fixed. We say that there exists a martingale solution 
of the following stochastic Navier-Stokes Equations (in an abstract form) on the interval [0, T\ 

j du(t) + J\u(t) dt + B(u(t),u(t)) dt — f(t) dt + G(u(t)) dW(t), t > 0, 

{ £{u{ 0)) = ak>, 

iff there exist 

• a stochastic basis (£2, r F, F, P) with a complete filtration F = { c Ft} te [oj}, 

• a K-cylindrical Wiener process W = (W) /£ [o,n 

• and an F-progressively measurable process u : [0, T\ X Cl —» H with P-a.e. paths satisfying 

m(-, oj) e C([0, T], H w ) n L 2 (0, T ; V) (3.3) 


such that 


the law on H of u( 0) is equal to /ro 


and, for all t e [0, T] and all v e 'V, 


(Jlu(s), v) ds + I (B(u(s)),v) ds 
0 


and 


(n(f),v) H + f (yiu(s), v) ds + f 
Jo Jo 

= (u( 0), v) H + ^ (f(s), v) ds + (J G(u(s)) dW(s), v) 

E[ sup |m( 0 Ih + f |V«(f )| 2 dt] < 00. 
L fe[ 0 ,r] Jo J 


If all the above conditions are satisfied, then the system 

(Cl, t, F, P, W, u) 


-a.s. 


(3.4) 


(3.5) 


will be called a martingale solution to problem (13.2b on the interval [0, T\ with the initial distribution po- 



A system (Q, 'T, F, P, W, u) will be called a martingale solution to problem (13.2b with the initial distribution 
//() iff all the above conditions are defined with the interval [0, T] being replaced by [0, oo) and the condition (13.3b 
is replaced by 


U{; to) e C([0, 00 ), H lv ) n L 2 OC ([0, oo); V), (3.6) 

and inequality (13.51 ) holds for every T > 0. 

Here, H„ denotes the Hilbert space H endowed with the weak topology and C([0, T\. H„j and C([0, oo), H„) 
denote the spaces of H valued weakly continuous functions defined on [0, T\ and [0, oo), respectively. 


In the case when /y () is equal to the law on H of a given random variable wo : Q —> H then, somehow incorrectly, 
a martingale solution to problem (13.2b will also be called a martingale solution to problem (13.2b with the initial 
data uq. Fully correctly, it should be called a martingale solution to problem (13.2b with the initial data having the 
same law as uq. In particular, in this case we require that the laws on H of uo and m(0) are equal. 

If no confusion seems likely, a system (Q, T, F, P, W, u) from Definition 13.21 will be called a martingale solu¬ 
tions. 

Remark 3.3. Let us recall the following observation from M i Since ||m|| := |Vm| l2 and (I7lu,u) = ((m,m)) : = 
(Vm, Vm) l 2 , we have 

(2 - 77 )|| m || 2 = 2(Jlu, u ) - q\\u\\ 2 , m e V. 

Hence inequality (lG3l ) can be written equivalently in the following form 


2{3lu, u) - ||G(m)|| 


r 2 (K,H) 


> T]\\u\\ 2 - A 0 \u\n - p, M€V, 


(G3’) 


Inequality (lG3'b is the same as considered by Flandoli and G^tarek in 13lh for Stochastic NSEs in bounded 
domains. The assumption q = 2 corresponds to the case when the noise term does not depend on Vm. We will 
prove that the set of measures induced on appropriate space by the solutions of the Galerkin equations is tight 
provided that the map G from part (H.2) of Assumption 13.11 satisfies inequalities (IGlb and (lG3b . Inequality (IGlb 
and condition (lG4b from part (H.2) of Assumption 13. 1 1 will be important in passing to the limit as n —> oo in the 
Galerkin approximation. Condition (lG4b is essential in the case of unbounded domain O. It is wort mentioning 
that the following example of the noise term, analyzed in details in E Section 6], is covered by part (H.2) of 
Assumption l3.ll 


Example 3.4. Let us consider the noise term written classically as 


[G(u)](t, x ) dW(t ) := ^[( bfx ) • V)u(f, x) + Cj(x)u(t, x)]d/3i(t), (3.7) 

i=i 


where 


Pi, i e N, are i.i.d. standard K-valued Brownian Motions, 
bi : O —» i e N, are functions of class C“class, 

c, : O — > R, i e N, are functions of C°° - of class, 

are given. Assume that 

(X) 

Ci := 2d Ml!- + lldivi/lg- + Hcilli-) < oo (3.8) 

i= 1 
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and there exists a 6 (0,2] such that for all f = {f\,iff) 6 W 1 and all x e O, 

oo d d 

2 2 b’(x)b^x))^ k < 2 2 ^jkfjfk - a\tf = (2 - «)|^| 2 . (3.9) 

i=i i,*=l ;,*=! 

This noise term can be reformulated in the following manner. Let K := l 2 (N), where / 2 (N) denotes the space of 
all sequences (/i,) i£N c R such that hj < oo. It is a Hilbert space with the scalar product given by ( h,k) p := 
2”i hjki, where h = ( hj ) and k = (kj) belong to / 2 (N). Putting 


G(u)h = ^ \(b, ■ V)m + C ju\ h h u e V, h = (h.) e / 2 (N), (3.10) 

;=i 

we infer that the mapping G fulfils all conditions stated in assumption (H.2), see Cl Section 6] for details. 

Remark 3.5. Note that by Definition 13.21 every solution to problem (13.2b satisfies equality (13.4b for all v € ’V. 
However, equality (13.4b holds not only for veT but also for all v € V. Indeed, this follows from the density of 
'V in the space V and the fact that each term in (13.4b is well defined and continuous with respect to v e V. This 
remark is important while using the Ito formula in the proof of Lemma 15781 

Remark 3.6. Let assumptions (H.1)-(H.5) be satisfied. If the system (II. T, F, P, W, u) is a martingale solution of 
problem m on the interval [0, oo), then P-a.e. paths of the process u{t), t 6 [0, oo), are V' -valued continuous 
functions, i.e. for P-a.e. a> € Cl 

uf, u>) € C([0, oo), V'), (3.11) 

and equality (13.4b can be rewritten as the following one, understood in the space V', 


u(t) + f Jlu(s)ds+ f B(u{s))ds-u( 0) + f f{s)ds+ f G(u(s)) dW(s), fe[0, oo). (3.12) 

Jo Jo Jo Jo 

Proof. Let us fix any T > 0. Let us notice that since the map G satisfies inequality (IGlb in Assumntion l3.il by 

inequality (13.5b we infer that 


E[j^ (l + Ks)! 2 )^] 


< oo. 


Thus the process p defined by 


Pit) 


-f 


G(u(s))dW(s), fe[0,T], 


is a V'-valued square integrable continuous martingale. 


Remark. The process p is an H-valued square integrable continuous martingale, as well. 

Proof. Since the map G satisfies inequality (lG3b in Assumption ^. II using inequality (13.5b we deduce that 


IG(«M)lr 2(K ,H) ds] < [(2 - 77)|M»|| 2 + T 0 |«(.)| 2 + p] ds] 

Thus p(t), t G [0, T ], is an H-valued square integrable continuous martingale. 


< oo. 


□ 
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In the framework of Remark [Xhl by the regularity assumption (13.3b . we infer that for P-a.e. to e Q 
&u(-, to) e L 2 ( 0, T- V'), B(u (•, to), u(-, to)) e L 4/3 (0, T ; V'). 

By assumption (H.3), in particular, / 6 L p { 0, T ; V')- Hence for P-a.e. well the functions 


[0, T] b t >—> f Jlu(s, to) ds e V', 

Jo 

[0, T] 9 1 1 -» I" B(u(s,to),(u(s,co))ds 6 V', 

Jo 

[ 0 ,r] 9 f^ f f(s)ds e Y 
Jo 

are well defined and continuous. Using (13.4b we infer that for P-a.e. to e Cl 

u(-,to)eC([ 0, r],V') 

and for every f e [0, 7’] equality (13. 1 2b holds. Since T > 0 has been chosen in an arbitrary way, regularity condition 
(13.1 lb and equality (13.121) hold. The proof of the claim is thus complete. □ 


4. The continuous dependence of the solutions on the initial state and the external forces in 2D and 3D 
domains 


In this section we will concentrate on martingale solutions to problem (13.21 ) on a fixed interval [0, T], The main 
result is Theorem l4.11l We will also need some modification of Theorem 5.1 in [ IQ], contained in Theorem 14. 8 1 


As in 13 in the proofs we will use the following structure. Let us fix s > % + 1 and notice that the space V , 
is dense in V and the natural embedding V s V is continuous. By 132. Lemma 2.5], see also 13 Lemma C.l], 
there exists a separable Hilbert space U such that U is a dense subset of V s and 


the natural embedding i s : U V s is compact. (4.1) 

Then we also have 

(/hV^H-H'hV;-* u', (4.2) 

where H' and U' are the dual spaces of H and U, respectively, H' being identified with H and the dual embedding 
H' U' is compact as well. 


In the next definition we will recall definition of a topological space X.T that plays an important role in our 
approach, see page 1629 and Section 3 in 3- 


To define the space Z,t we will need the following four spaces. 


C([0, T],U') 

Ll(0,T-,V) 
U 2 (0, T ; H loc ) 


the space of continuous functions u : [0, T] —» U' with the topology 
induced by the norm M C( m := sup |w(f)lc/' 

’ ’ te[0,T] 

the space Zr( 0, T ; V) with the weak topology, 

the space of all measurable functions it : [0, T] —> H such that for all R e N 
T \ 

Pt,r(u ) := (II | u(t, x)\ 2 dxdt^j < oo 

with the topology generated by the seminorms (pT,R)R e w 
11 












Let H„. denote the Hilbert space H endowed with the weak topology and let us put 


C([0, 7’]; H„) := the space of weakly continuous functions u : [0, T] —> H endowed with 
the weakest topology such that for all /; e H the mappings 
C([0, T]\ H„.) 3 u i— * (m(-), h ) H e C([0, T]\ R) are continuous. 

Definition 4.1. For T > 0 let us put 

Zr := C([0, T]\ U') n 4(0, T ; V) n L 2 { 0. T; H loc ) n C([0, T]\ H w ) (4.3) 


and let 7~r be the supremum of the corresponding four topologies, i.e. the smallest topology on Zr such that the 
four natural embeddings from Zr are continuous. 

The space Zr will also considered with the Borel cr-algebra, i.e. the smallest cr-algebra containing the family Tj. 

The following auxiliary result which is needed in the proof of Theorem l4.1 II cannot be deduced directly from 
the Kuratowski Theorem, see Counterexample C|4]in the | Appendix C| 

Lemma 4.2. Assume that T > 0. Then the following fours sets C([0, T]; H) n Zr, C([0, T]; V) Pi Zr, L 2 (0, T\ V) n 
Zr and C([0, T]; V') fl Zr are Borel subsets ofiZr and the corresponding embedding tranforms Borel sets into 
Borel subsets ofiZr- Moreover, the following R + U {+oo}-valued functions 


Zr 9 u 
Zr ^ tt 


su Pse[o,r] I«0 )Ih> tf u e C([0, T]\ H) n Zr 
oo, otherwise, 

fj || M (i)|| 2 ds, ifu e L 2 (0, T; V) n Zr, 
oo otherwise. 


are Borel. 


Proof. Because C([0, T]; U') n L 2 (0, T ; H] oc ) is a Polish space, by the Kuratowski Theorem C([0, T\, H) is Borel 
subset of C([0,7"]; U')CtL 2 (0, T ; H/„ r ). Hence the intersection C([0, 7’]; H)PiZr is a Borel subset of the intersection 
C([0, T\, V) fl L 2 (0, T ; H/ oc ) fl Zr which happens to be equal to Zr- 

We can argue in the same way in the case of the spaces C([0, T\\ V) O Zr and C([0, T]; V') n Zr- 
The proof in case the space Lr{ 0, T\ V) is analogous, one needs to begin with an observation that by the Kuratowski 
Theorem the set L?{ 0, T\ V) is Borel subset of 7. 2 (0, T ; H/ oc ). We have used a fact that a product of Borel set in 
C([0, T]; U’) fl L 2 { 0, T ; H/„ c ) and the set Zr is a Borel subset of the latter. 

The same argument applies to the proof that ij and jj map Borel subsets of their corresponding domains to Borel 
sets in Zr- The last part of Lemma is a consequence Proposition CU □ 


4.1. Tightness criterion and Jakubowski’s version of the Skorokhod theorem 

One of the main tools in this section is the tightness criterion in the space Zr defined in identity (14.3I >. We will 
use a slight generalization of of the criterion stated in Corollary 3.9 from S, compare with the proof of Lemma 
5.4 therein. Namely, we will consider the sequence of stochastic processes defined on their own probability spaces. 
Let (Q n , F„, P„), n e N, be a sequence of probability spaces with the filtration F„ = 0 - 

Corollary 4.3. (tightness criterion) Assume that (X„) lic; ,, is a sequence of continuous ¥ n -adapted V-valued pro¬ 
cesses defined on f 1„ and such that 


sup E„ [ sup |X„(s)|h] < oo, 

neN se[0,r] 



IK,(s)ll 2 <fc 


< oo. 


(4.4) 

(4.5) 
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(a) and for every e > 0 and for every q > 0 there exists 6 > 0 such that for every sequence (j n ) n m °f [0, T]-valued 
V n -stopping times one has 


sup sup P„{ \X„(t„ + 9)- X„(t„)\u' >q}<s. (4.6) 

neN 0<6<6 


Let P„ be the law ofX„ on the Borel cr-field S(-Zr)- Then for every e > 0 there exists a compact subset K E ofiZr 
such that 

supP„(AT £ ) > 1 - e. 

neN 

The proof of Corollary 14.3l is essentially the same as the proof of ifll Corollary 3.9]. 


If the sequence (3f„)„ £N satisfies condition (a) then we say that it satisfies the Aldous condition [A] in U' on 
[0,T]. If it satisfies condition (a) for each T > 0, we say that it satisfies the Aldous condition [A] in U'. 

Obviously, the class of {/'-valued processes satisfying the Aldous condition is a real vector space. Below we 
will formulate a sufficient condition for the Aldous condition. This idea has been used in the proof of Lemma 5.4 
in IU6I1 but it has not been formulated in such a way. 


Lemma 4.4. Assume that Y is a separable Banach space, cr e (0,1] and that (u„) ne N is a sequence of continuous 
¥„-adapted Y-valuedprocesses indexed by [0, T]for some T > 0, such that 


(a’) there exists C > 0 such that for every 6 > 0 and for every sequence (t„)„ £ jij of[ 0, T]-valued¥„-stopping times 
with one has 


E„ + 9) - u„(t„)\ y ] < C9P . (4.7) 

Then the sequence (u ,,) neN satisfies the Aldous condition [A] on [0, T], 

Proof. Let us fix q > 0 and s > 0. By the Chebyshev inequality and the estimate (TO we obtain 

1 C • (F 

p«({| m«(t„ +0)- u„(t„)\ y > q}) < -E„ [| u„(t„ + 9)- m„(t„)[ f ] <-, n e N. 

q q 

Let us 6 := . Then we have 


sup sup P„{|m„(t„ + 9) 

bgN 1<0<cS 


u„(t„)\ y > if < 


This completes the proof of Lemma l4~4l 


□ 


Remark 4.5. As can be seen in (14.3b . the space Z.T is defined as an intersection of four spaces, one of them being 
the space C([0, T]\ {/'). The latter space plays, in fact, only an auxiliary role. Let us recall that the space U, see 
(I4~TT > and IU6L Section 2.3], is important in the construction of the solutions to stochastic Navier-Stokes equations 
via the Galerkin method in the case of an unbounded domain, i.e. when the embedding V c H is not compact. (In 
the case of a bounded domain we can take, e.g. U V< for sufficiently large s.) In particular, the orthonormal 
basis of the space H, which we use in the Galerkin method is contained in U, so the Galerkin solutions ’’live in” 
the space U. 


With the space U in hand, in 11611 we prove an appropriate compactness and tightness criteria in the space Z.r, 
see El Lemma 3.3 and Corollary 3.9], Let us emphasize that in order to prove the relative compactness of an 
appropriate set in the Frechet space L 2 (0, T ; H/ oc ) first we need to prove a certain generalization of the classical 
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Dubinsky Theorem, see El Lemma 3.1], where the space C([0, T]\ U') is used. This result is related to the Aldous 
condition in the space U' in the tightness criterion, (14.61) in Corollary 14. 3 1 and 1 ^1 Corollary 3.9(c)]. 

We will use Corollary 14.31 to prove Theorems 14.91 and 14. 1 II below. Even though, the presence of the space 
C([0, T]; U') in the definition of the space Xt is natural in the context of the Galerkin approximation solutions, 
it’s presence in the context of Theorems l4.9l and |4.1 ll where we consider sequences of the solutions of the Navier- 
Stokes equations seems to be unnecessary. However, again because of the lack of the compactness of the embed¬ 
ding V c H to prove tightness in Theorem l4.9l we still use Corollary 14. 3l in its original form. 


In the proofs of the theorems on the existence of a martingale solution and on the continuous dependence of 
the data we use a version of the Skorokhod theorem for nonmetric spaces. For convenience of the reader let us 
recall the following Jakubowski’s 13411 version of the Skorokhod Theorem, see also Brzezniak and Ondrejat B1811 . 


Theorem 4.6. (Theorem 2 in |34]]). Let (X,t) be a topological space such that there exists a sequence (fi„) of 
continuous functions f„ : X —> R. that separates points of X. Let (X n ) be a sequence of X-valued Borel random 
variables. Suppose that for every e > 0 there exists a compact subset K e C X such that 


sup P({A„ e K s }) > 1 - e. 

ne N 

Then there exists a subsequence (X nt ) k< ^, a sequence (T,OfeN of X-valued Borel random variables and an X-valued 
Borel random variable Y defined on some probability space (LI, X, P) such that 


-C(X„ k ) = -C(Y k ), k = 1,2,... 


and for all a> 6 LI: 

Y k (a >) —> Y(a >) as k oo. 

Note that the sequence (f„) defines another, weaker topology on X. However, this topology restricted to cr- 
compact subsets of X is equivalent to the original topology r. Let us emphasize that thanks to the assumption 
on the tightness of the set of laws \S,(X n ), n e N] on the space X the maps Y and Y k , k e N, in Theorem l4.6l are 
measurable with respect to the Borel cr-field in the space X. 

The following result has been proved in the proof of |TtJ, Corollary 3.12] for the spaces Xt- 

Lemma 4.7. The topological space Xt satisfies the assumptions of Theorem 14.61 


4.2. The existence and properties of martingale solutions on [0, T] 


We will concentrate on martingale solutions to problem (13.21 ) on a fixed interval [0, T], The following result 
is a slight generalisation of Theorem 5.1 in ES- In comparison to E3 the deterministic initial state has been 
replaced by the random one satisfying assumption (H.3). However, our attention will be focused on the estimates 
satisfied by the solutions of the Navier-Stokes equations. We claim that there exists a solution u satisfying estimate 
E[sup, e[0r ] |m(0Ih] ^ C\(p,q) for every q 6 [2 ,p], (and not only for q — 2 as stated in inequality (5.1) in [16]). 
Moreover, we analyse what is the relation between the constant C\(p,q ) and the initial state mq and the external 


forces /. The same concerns the estimate on E[^ r ||w(r)ll 2 dt]. These results generalise ifltiL Theorem 5.1]. In the 
second part of Theorem l4.8l we will prove another estimate on u in the case when O is a 2D or 3D Poincare domain, 
see (14.1 lb below. This estimate will be of crucial importance in the proof of existence of an invariant measure in 
2D case. The proof of Theorem l4.8l is based on the Galerkin method. The analysis of the Galerkin equations is 


postponed to Appendix A Recall also that in assumption (H.3) we have put ff- = oo when q — 2. 
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Theorem 4.8. Let assumptions (H.1)-(H.5) be satisfied. In particular, we assume that p satisfies (13.11) . i.e. 

p e[2,2+ ? ), 

2-t] 

where t) € (0,2] is given in assumption (H.2). 

(1) For every T > 0 and R\,Ri > 0 if po is a Borel probability measure on H, / 6 L p ([0, oo); V') satisfy 
L \x\ p po(dx) < R i and \f\u>(o,Ttv’) ^ ^ 2 , then there exists a martingale solution (Cl, ‘F, F, P, W, u) to problem 
(13.2b with the initial law po which satisfy the following estimates: for every q 6 [1 ,p\ there exist constants 
Cfp, <f) and C 2 (p), depending also on T, R\ and R 2 , such that 


E( sup |M(i)|^) < Ci(p,q), 

se[0,T ] 


putting C\(p) := C\(p, p), in particular, 


E( sup |h(s)|£) < Cfp), 
ie[o,r] 


and 


E[ f T 
Jo 


|Vm(j)|| 2 ds] < C 2 (p). 


(4.8) 


(4.9) 


(4.10) 


(2) Moreover, if O is a Poincare domain and the map G satisfies inequality (lG3b in Assumption 13, / 1 with /lo = 0, 
then there exists a martingale solution (Cl, F, E, P, u) of problem (13.2b satisfying additionally the following 
inequality for every T > 0 


-E 


f IV«(s)[“ 2 ds 
Jo 


)<E[|«(0)|2] + - f \f(s)\l ds 
> n Jo 


+ P T. 


(4.11) 


Proof of Theorem l4.8l is postponed to | Appendix B| 


4.3. The continuous dependence 

We prove the following results related to the continuous dependence on the deterministic initial condition 
and deterministic external forces. Roughly speaking, we will show that if iiioj,) c H and (f,) c L p ( 0, T ; V') 
are sequences of initial conditions and external forces approaching «o e H and f e L p ( 0, T, V'), respectively, 
then a sequence ( u„ ) of martingale solutions of the Navier-Stokes equations with the data («o,„, ./„), satisfying 
inequalities (14.8b - (14. 10b . contains a subsequence of solutions, on a changed probability basis, convergent to a 
martingale solution with the initial condition uq and the external force /. Note that existence of such solutions 
u n , n e N, is guaranteed by Theorem 14 . 8 1 This result holds both in 2D and 3D possibly unbounded domains with 
smooth boundaries. Moreover, in the case of 2D domains, because of the existence and uniqueness of the strong 
solutions, stronger result holds. Namely, the solutions u„, n e N, satisfy inequalities (14.8b - (14.10b and not only a 
subsequence but the whole sequence of solutions ( u„ ) is convergent to the solution of the Navier-Stokes equation 
with the data uq and /. Their proofs are de facto, modifications of the proofs of corresponding parts of Theorem 
5.1 from Q, where Galerkin approximations are substituted by solutions u„, n 6 N. However, the last part of the 
proof is different. Namely, contrary to the case of the Galerkin aproximations, the martingale M„ defined by (5.16) 
in |]16] is, in general, not square integrable. It would be square integrable, for example, if inequality (14.8b held with 
some q > 4. This holds in the case, when the noise term does not depend on Vu or if we impose such restriction 
on q that 4. However, to cover the general case, this part of the proof is different. 

In what follows we do not assume that O is a Poincare domain. 
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Theorem 4.9. Let assumptions (H.1)-(H.3) and (H.5) be satisfied and let T > 0. Assume that z v a 

bounded H-valued sequence and (f n )°f = \ I s a bounded LP{ 0, T ; V)-valued sequence. Let R\ > 0 and R 2 > 0 be 
such that sup„ eN |u 0 . n | H < Ri and sup„ eN ll/«ll w(0/r . V ') ^ R 2 - Let 

(£l„,f n ,W„,P m W n ,u n ) 


be a martingale solution of problem <E3 with the initial data uo, n and the external force f n and satisfying inequal¬ 
ities (14.8b - (14.10b . Then, the set ofBorel measures {_£(m„), n € N) is tight on the space (Xr,Tj). 

Proof. Let us fix T > 0 and p satisfying condition Q . Let (uo,n) n= i and (/«)„_] be bounded H-valued, resp. 
1/(0, T ; V')-valued, sequences. Let 

(& n ,?nX,KWn,Un) 

be a corresponding martingale solution of problem (13.2b with the initial data and the external force /„, and 
satisfying inequalities (I4.8b - (I4. 10b . Such a solution exists by Theorem l4.8l 

To show that the set of measures { £Juf),n 6 N) are tight on the space (Xt, c J~t\ where Xt is defined in (14.3b . 
we argue as in the proof of Lemma 5.4 in El and apply Corollary 14.31 We first observe that due to estimates 
(14.8b (with q = 2) and (14. 10b . conditions (14.4b and (14.5b of Corollary [473] are satisfied. Thus, it is sufficient to prove 
condition (a), i.e. that the sequence (m„)„ £N satisfies the Aldous condition [A]. By Lemma l4~4l it is sufficient to 
proof the condition (a’)- 

We have now to choose our steps very carefully as we no longer treat strong solutions to an SDE in a finite 
dimensional Hilbert space but instead a weak solution to an SPDE in an infinite dimensional Hilbert space. 

Let be a sequence of stopping times taking values in [0, T], Since each process satisfies equation (13.4b . 

by Remark [3~6l we have 


U„(t) = uo,n - I Xlu„(s) ds - I B(u„(s)) ds + I f n (s) ds 
Jo Jo Jo 

=: J" + J n 2 (t) + J n 3 (t) + J’l(t) + J n 5 (t ), t g [0, T], 


+ f G(u„(s))dW(s) 
Jo 


where the above equality is understood in the space V'. Let us choose and 6 > 0. It is sufficient to show that each 
sequence J" of processes, i — 1, ■ ■ • ,5 satisfies the sufficient condition (a’) from Lemma [4~4l 

Obviously the term J" which is constant in time, satisfies whatever we want. We will only deal with the other 
terms. In fact, we will check that the terms J", J’fi J" satisfy condition (a’) from Lemma l4~4l in the space Y — V' 
and the term J" satifies this condition in Y — V' with s >i + 1. Since the embeddings V' c U' and V' c U' are 
continuous, we infer that (a’) from Lemma l4~4l holds in the space Y = U', as well. 


Ad J Since the linear operator jT! : V —> V' is bounded, by the Holder inequality and (14. 10b . we have 


E„ [\J 2 (t„ +0)- / 2 ! (t„)| v -] < E n [J \tBu n (s)\ y , oLJ 

nT 1 

< ^(e„[J o \\u„(s)\\ 2 ds]y < c 2 (p)■ el 


(4.12) 


Ad Let s > x + 1 Similarly, since B : HxH—>V'is bilinear and continuous (and hence bounded so that the 
norm \\B\\ of B : H x H —» V' is finite), then by (14.8b we have the following estimates 

nTn+0 r , T n +6 

E„ \\J 3 (j n +e)~ J’l(T n ) I v , ] = E„ [I J B(u n (r))dr\ v , } < cE„ [ J \B(u n (r)%, dr] 


< c||B||E„ 


r*T n +0 

l 1 


\u n (r)\iidr 


< c||B|| • E„ [ sup MOIh] ■ 6 < c||£|| Cfip, 2) ■ 9. 

re[0.T] 


(4.13) 
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Remark. The above argument works as well for d — 3. However for d - 2 we have the following different proof 
which exploits inequality ( 12 . 121 ) (which is valid only the the two dimensional case). 


r*T n +0 

■« [ 1 / 3 ( 7 ,, +&)- i"(T„)| v ,] < E„ [J \B{u n (r))\ y , dr\ < c 2 E„ J |w„(r )| L2 |Vw„(r )| i2 dr 


E, 

< c 2 

< c 2 


E„ sup \u„(r)\ 

r£[T„,T„+8] 

E„ sup \u„(r) Ih 

re [0,7] 


E, 


r*T n +0 

J, 1 


\Vu n (r)\l 2 dr\ 0 1 - 


E„ f 
Jo 


IVu„(r)ll 2 dr 


<C2[C 1 (p,2)]nC2(p)F0>. 


(4.14) 


Ad J'f Since the sequence (/„) is weakly convergent in L p ( 0, T ; V'), it is, in particular, bounded in L p ( 0, T ; VO¬ 
LT sing the Holder inequality, we have 

r*r n +6 

E„ [| J’l(T n +6)- J n A {r n ) I v> ] = E„ [| J Us) ds| v ] 

p _ j r*T 1 _j _j 

< 6»V(E„ [J |/„(s)|^, ^s])'’ = ^I/kIzaO, 7-;V') = c 4'0^, (4.15) 

where c 4 := sup„ eN \fn\ m0J . vr 

Ad Jy By assumption dG 1 b and inequality (14.8b , we obtain the following inequalities 


E»[\j n 5 (T n + 6)-j f ;(T n \,] < 


< 


< 


< 


{E ;i [|/?(t„ + 6 ) - ^(T„)|“,]p 

X T n +d l 

l|G(H»(i))llr 2 ( y.vo afs ] 2 


[C • E„ 
[C(l + 
[C(1 + 


r*T„+0 

l < 


(1 + |m„(s)Ih)^4 


|E„ [ sup |m„(s)Ih]) 0] : 
ie[0,r] 

C,(2))6lj* =: cs-0*. 


Thus the proof of Theorem l4.9l is complete. 


(4.16) 

□ 


Remark 4.10. 7f is easy to be convinced that u„ take values in ffj but it’s not so obvious to see that in fact 
u„ are Borel measurable functions. This is so because our construction of the martingale solution is based on 
Jakubowski’s version of the Skorokhod Theorem, see Theorem \4.6\ for details. 


The main result about the continuous dependence of the solutions of the Navier-Stokes equations on the ini¬ 
tial state and deterministic external forces, which covers both cases of 2D and 3D domains, is expressed in the 
following theorem l4. 1 1 1 Stronger version for 2D domains will be formulated in the next section, see Theorem l5.9l 
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Theorem 4.11. Let conditions (H.1)-(H.3) and (H.5) of Assumption [Q1 be satisfied and let T > 0. Assume that 
(«o,„)“i is an H -valued sequence that is convergent weakly in H to uq e H and (f n )n=i i s an 7/(0, T ; V)-valued 
sequence that is weakly convergent in 7/(0, T\ V') to f e L p (0,T;V). Let R 1 > 0 and Rn > 0 be such that 
su P«eN l^0,nlpj — 7^1 and Slip /IG pj WfnWjjugj.y} ~ 7^2- Let 

(£l n ,fnX,hW„,U n ) 

be a martingale solution of problem (E3 with the initial data u n Q and the external force f n and satisfying inequalities 

(Ot- irnot . 

Then there exist 


• a subsequence {nf) k , 

• a stochastic basis (Cl, CF , F, P), where F = \fFt\t> o> 

• a cylindrical Wiener process W = W(t), t 6 [0, oo) defined on this basis, 

• and progressively measurable processes u, (u„ k ) k > j (defined on this basis) with laws supported in Zt such 
that 


u„ k has the same law as u„ t on Zt and u„ k —> u in Zt, P - a.s. 

for every q e [1 , p] 

E[ sup |S(i)|^] < oo, 
se[0,r] 


(4.17) 

(4.18) 


and the system 


(Q, t, F, P, W, it) 


is a solution to problem (13.2b . 

In particular, for all t e [0, T( and ally 6 V 


(u(t),v) H - (u( 0),v) H + I" (tHu(s),v) ds + r (B(u(s)),v) ds 

Jo Jo 

= f (f(s),v) ds + (J G(u(s))dW(s),v) 


and 

||m( 5)|| 2 ^] < oo. (4.19) 

Proof. Since the product topological space _Z:rxC([0, T], K) satisfies the assumptions of Theorem l4.6l by applying 
it together with Theorem l4.9l there exists a subsequence (n k ), a probability space <Cl, T , P) and Zt x C([0, T\, Kj- 
valued Borel random variables (u, W), (u k , Wf), k e N such that each W and W k , k e N is an K-valued Wiener 
process and such that 


the laws on S(Zt x C([0, T], K)) of (u„ k , W) and (u k , W k ) are equal. (4.20) 

where S(Zt x C([0, T], K)) is the Borel cr-algebra on Zf x C([0, 7’], K), and, with K being an auxiliary Hilbert 
space such that KcK and the natural embedding K ^ K is Hilbert-Schmidt, 

(u k , Wf) converges to (u, W) in Zt x C([0, T], K) P-almost surely on Cl. 
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(4.21) 




Note that since S(Xt x C([0, T], K)) c S(Xt) x 2?(C([0, T ], K)), the function u is Xt Borel random variable. 
Define a corresponding sequence of filtrations by 

P<t = (fk(t)) t >o, where T k (t) = o-({(5*(s), W k (sj), s < f}), t e [0, T ]. (4.22) 


To conclude the proof, we need to show that the random variable 5 gives rise to a martingale solution. The proof of 
this claim is very similar to the proof of Theorem 2.3 in |43]. Let us denote the subsequence (u„ t ) k again by (u„) n . 
The few differences are: 


(i) The finite dimensional space H„ is replaced by the whole space H. But now, by Lemma l4~2l the space C([0, T]\ V')n 
Xt is a Borel subset of Xt and since by Remark [3761 u n e C([0, 7']; V'), P-a.s. and 5„ and u n have the same laws 
on Xr, we infer that 

5„ e C([0, T}\ V') n > 1, P-a.s. 


(ii) The operator P n has to be replaced by the identity. But this is rather a simplification as for instance we do not 
need Lemmas 2.3 and 2.4 from Ell¬ 


in addition to point (i) above, we have that for every q e [ 1, p] , we have 


Similarly, 

and 


sup E ( sup |m„(s)|®) < Ci(p,q), 

ne N 0 <s<T 


u n g L~{ 0, T\ V) n > 1, P-a.s. 


supi;[ f ||m„Cs)Hv ds] < C 2 (p). 

«eN Jo 


(4.23) 


(4.24) 


By inequality (14.241) we infer that the sequence ( u„) contains a subsequence, still denoted by (5„), convergent 
weakly in the space Zr([0, T] xQ; V). Since by (14.21b P-a.s. u„ —> u in Xt, we conclude that u € L 2 ([0, 7]xf); V), 
i.e. 


E 


[J l«(s)[ 2 ds] 


< OO. 


(4.25) 


Similarly, by inequality (14.23b with q = p we can choose a subsequence of (u„) convergent weak star in the space 
LP(Cl; L°°( 0, T ; H)) and, using (l4~2Tb . infer that 


E [ sup |S(s)|^] < oo. 

0 <s<T 


Then, of course, for every q e [1 ,p], 

E [ sup |m(s)|^] < oo. 

0 <s<T 


The remaining proof will be done in two steps. 

Step 1. Let us choose and fix s > i + 1. We will first prove the following Lemma. 

Lemma 4.12. For all ip e V s 


(a) lim MOO E[J^ |(fi„(f) - 5(f), ^) H | 2 dt\ = 0, 

(b) lim„_^oo E[|(5„(0) - 5(0), (^) H | 2 ] = 0, 


(4.26) 

(4.27) 
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(c) lim^oo ^ j (Jlu„(s) - fHu(s), ip) Js| dt] = 0, 

(d) lim^oo E[J^ 7 | / 0 ? (B(u„(s)) - B(u(s)), ip) Js| dt] = 0, 

(e) lim MOO - f(s), ip) Js| dt] = 0, 

(f) lim„_,oo E[X r |< Jf [G(2„(s)) - G(2(i))] dW(s), ip)f dt] = 0. 

Proof of Lemma \4J2\ Let us fix ip e V s . Ad (a). Since by (14.21b u n — * u in C([0, T]\ H u ,) P-a.s., («„(■)> vJh ~ > 
(«(■), ^)h i n C([0, T]\ R), P-a.s. Hence, in particular, for all t e [0, T] 

lim (u n (t), ip) H = (S(0, <p ) H > P-a.s. 


Since by (14.23b . sup f£[0 r j |m„(OIh < 00 , P-a.s., using the dominated convergence theorem we infer that 


-a.s. . 


(4.28) 


lim f |(5„(0 - S(0, V?) H | 2 dt - 0 
Jo 

By the Holder inequality and (14.23b for every n e N and every r e (1,1 + j] 

E[| J' | u„(t) - S(0Ih dt\ ] < cE[J" (I«»(0 Ih + |m(0Ih) ^ cCi(p,2r), (4.29) 

where c, c are some positive constants. To conclude the proof of assertion (a) it is sufficient to use (14.28b . (14.29b 
and the Vitali Theorem. 

Ad (b). Since by (14.21b u n —* u in C(0, T ; H,,,) P-a.s. and u is continuous at t — 0, we infer that (u„( 0), <p) H —> 
(S(0), i p) H , P-a.s. Now, assertion (b) follows from (14.23b and the Vitali Theorem. 


Ad (c). Since by (14.21b u„ —> u in Lf v ( 0, T ; V), P-a.s., by (12.6b we infer that P-a.s. 

lim I {fftu n (s),tp) ds = lim I ([u n (s),ip)) ds = I ((ii(s), <p)) ds - I {fRu(s), ip) ds 
n ^°° Jo Jo Jo Jo 

By (12.6b . the Holder inequality and estimate (14.24b we infer that for all t e [0, T] and n e N 


(4.30) 


E[|j (Jlu n (s),<p)ds\ ] = E[|J {u n (s),ip))ds\ ] 

< \\Un(s)\\vds\<cC 2 (p), 


(4.31) 


where c, c > 0 are some constants. By (14.30b . (14.31b and the Vitali Theorem we conclude that for all t e [0, T] 

lim E|| J" {fftu n (s) - fftu(s),ip) Js|] = 0. 

Assertion (c) follows now from (14.24b and the dominated convergence theorem. 
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Ad (d). Since by (14.241) and (12.31 ) the sequence ( u„ ) is bounded in L?( 0, T ; H) and by (14.211) u„ —> u in Lr( 0, T ; Hj oc ), 
P-a.s., by Lemma B.l in ifTbll we infer that P-a.s. for all t e [0, 7’] and i p e V v 

lim I" (B(u„(s)) - B(u(s)),ip) ds - 0. (4.32) 

n ~*°° Jo 

Using the Holder inequality. Lemma 12721 and (14.23b we infer that for all t e [0, 7’], r e (0, | | and n e N the 
following inequalities hold 


E[|^ <B(M„(s)),y>)rfs| ] < E[(^£ |S(fi n (s))|v'M Vl rfs) ] 

< (dM v ) 1+r f r E[ f |S„(s)Ih + 2 'rfsl < CE[ sup \u„(s)\^ 2r ] < CCi(p,2 + 2r). 
Jo se[0,r] 

By (14.32b . (14.33b and the Vitali Theorem we obtain for all t e [0, T] 

lim E[| I" {B(u n (s)) - B(u(s)),ip) Jill = 0. 

n—* oo L'J q 'J 

Using again Lemma 12721 and estimate (14.23b . we obtain for all t e [0, T] and n e N 


(4.33) 


(4.34) 


t[| f (B(u„(s)),ip) ds\] < cE[ sup |m„(s))Ih] < cCi(p,2), 

Jo se[0,r] 

where c > 0 is a constant. Hence by (14.34b and the dominated convergence theorem, we infer that assertion (d) 
holds. 

Ad (e). Assertion (e) follows because the sequence (/„) converges weakly in L p ( 0, T ; V') to / and V v c V. 

Ad (f). Let us notice that for all (p e V we have 

f ll(G(u n (s)) - G(u(s)), ds 

= f II V n G(u n ){s) - llr 2( k ;R) ds < II V n G(u„) - ^*0(2)11^^^, 

where tp**G is the map defined by (lG4b in assumption (H.2). Since by (14.21b u„ —> ft in L 2 (0, T ; H] oc ), P-a.s., by 
(lG4b we infer that for all t e [0, T] and i^eV 

lim J || (G(u„(s)) - G(u(s)), ^>||^. R) ds = 0. (4.35) 

By (IGlb and (14.23b we obtain the following inequalities for every t e [0, T], r e (1,1 + §] and n e N 

E[|j| IKGfeCO) - G(u(s)), <p)ll5- 2AR) rfs| r ] 

< C E[M 2r - f {|G(S„(5))|^ Avo + |G(«(5))l^ (fcv/) }rfs] 

0 

< Cl E[J" (1 + |S„(s)Ih + \u(s)\ 2 ^)dsj 

< c{l + E[ sup |w„00Ih + sup |m(s)Ih) 1} < c(l + 2Ci(p,2r)) 

jeio,? - ] *E[o,r] 
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(4.36) 




















where c, c\, c are some positive constants. Using the Vitali theorem, by (14.351) . (14.361) we infer that for all ip e V 

Um ®[JT ||(G(w„(s)) - G(fi(i))^)||^ (ft;R) d S ] = 0. (4.37) 

Hence by the properties of the Ito integral we infer that for all t e [0, T] and tp e V 

[G(S fI (s)) - G(S(5))] dW(s), ^)| 2 ] = 0. (4.38) 


lim E 

n —>oo 


By the Ito isometry, since the map G satisfies inequality (1G1I) in part (H.2) of Assumntion l3.il and estimate (14.231 ) 
we have for all tp e V, t e [0, T] and n e N 


E[|(^ [GfoCs)) - G(«(j))] dW(s), ^)| 2 ] 

= E[JT ||<G(fi„( S )) - G(u(s)X<P)llr 2( K;M) ds \ 


< c 


l+®[sup |m„(s)Ih+ sup |m(s)Ih) 1} < c(l +2Ci(p,2)), 

je[0,r] se[0.r] 


(4.39) 


where c > 0 is some constant. Thus by (14.381) . (14.391) and the Lebesgue Dominated Convergence Theorem we infer 
that for all ip e V 


lim £ E[|(^ [G(u„(s)) - G(u(s))] dW(s ), ^)| 2 ] = 0. 


(4.40) 


To conclude the proof of assertion (f), it is sufficient to notice that since s > j + 1, V, c V and thus (14.40b holds 
for all ip e V v . The proof of Lemma l4.12l is thus complete. □ 

As a direct consequence of Lemma l4.12l we get the following corollary which we precede by introducing some 
auxiliary notation. Analogously to II1311 and 14311 . let us denote 

A„(m„, W n , <p)(t) := (5„(0), <p) R - tp)ds - (B(u n (s)),ip)ds 

Jo Jo 

+ J' (fn(s),<p)ds + (J' G(u„(s))dW„(s),ipj, t e [0, T], 

A(S, W, ip)(t) : = (fi(0), ^) H - I" {JAu(s),ip)ds - f (B(u(s)),<p)ds 

Jo Jo 

+ J (f(s ), ip) ds + (£ G(u(s)) dW(s), ip ), t e [0, T], 


(4.41) 


and 


Corollary 4.13. For every ip eV s 


and 


ffin |(fi„(.),v) H " (S(-)^) H l i2([ o, r]x n ) = 0 
lim |A„(«„, W n , if) - Mu, W, ^)l i . 1([ar]x o ) = 0. 


(4.42) 

(4.43) 

(4.44) 
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Proof of Corollarx \4 . 731 Assertion (14.431) follows from the equality 

!(««(■). <p)n ~ (m( 0. ^)Hli2 ([0T]x n) = I(m«( 0 - «(0, <^) h | 2 *] 

and Lemma [4. 1 21 ( a ). Let us move to the proof of assertion (14.441 ). Note that by the Fubini theorem, we have 

|A„(n,„ W n , ip) - Mu, W, <p)l L . ( |p,ri^j 


-J 

Jo 


E[|A„(fi„, W„, <p)(t ) - A(fi, W, <p)(f )| ]<*. 


To conclude the proof of Corollary 14.131 it is sufficient to note that by Lemma 14. 1 21 (hj-(f), each term on the right 
hand side of (14.411) tends at least in L*([0, T] xO) to the corresponding term in (14.421) . □ 


Step 2. Since u n is a solution of the Navier-Stokes equation, for all t e [0, T] and p> e *V 


( u n (t ), (p) H = A„(u n , W, tp)(t), P-a.s. 


In particular. 

r T 


1 £[!(«„(/), <?) H - A „(«,„ W, ip)(t )| ] dt = 0. 

Jo 

Since -C(u n , W) = -C(u n , W„), 

f E[|(m„(0, tp )H - A n (u n , Wn, tp)(t)\ ] dt = 0. 

Jo 

Moreover, bv (14.43b and (14.441 


I mm, (p) H - w, (p)(t)\ ]dt = o. 

Jo 


Hence for /-almost all t e [0, T] and P-almost all a> e Cl 


(u(t), ip) H - A(m, W, <p)(t) = 0, 
i.e. for /-almost all t 6 [0, T] and P-almost all at e Cl 

(u(t),ip) H + I" (Mu(s),ip)ds+ I" {B(u(s)),ip) ds 

Jo Jo 

= (S(0), <p) H + f\/(s),<p)ds + (f o G(u(s)) dW(s), ip). (4.45) 

Since a Borel u is ^/ -valued random variable, in particular u e C([0, T]; H w ), i.e. u is weakly continuous, we 
infer that equality (14.451 ) holds for all t e [0, T\ and all tp e M. Since r V is dense in V, equality (14.451 ) holds for all 
<p e V, as well. Putting 21 := (Q, < Jr , P, F), we infer that the system (21, W, u) is a martingale solution of equation 
(13.2b . By (14.25b and (14.27b the process u satisfies inequalities (14. 19b and ( 14.18b . The proof of Theorem l4.1 ll is thus 
complete. □ 


Remark 4.14. It seems to us that the same argument works if the space 2P/ defined in (14.3b is replaced by a bigger 
space IZ.T defined by 

Zt := L 2 W ( 0, T; V) n h\ 0 , T\ H loc ) n C([0, T];H W ). (4.46) 

In particular, to prove that the sequence ( u n ) given in (14.20b . whose existence follows from the Skorokhod Theorem, 
converges to a solution of the Navier-Stokes equation, it is sufficient to use the convergence of (u„) in the space 
Zt- 
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5. The case of 2D domains 


A special result proved recently in El is about the existence and uniqueness of strong solutions for 2-D 
stochastic Navier Stokes equations in unbounded domains with a general noise. 

Let us present the framework and the results. Let us recall Lemma 7.2 from El- 


Lemma 5.1. Let d — 2 and assume that all conditions in parts (H.1)-(H.3) and (H.5) of Assumption L>. /I are 
satisfied. Assume that po = 6 Uo for some deterministic uq € H. Let (Q, TT, F, W, P, u ) be a martingale solution of 
problem in particular, 


M sup |m(0Ih + f \Vu(t)\ 2 dt] < oo. 
L fe[0,r] Jo J 


(5.1) 


Then for P -almost all a> 6 Cl the trajectory u(-,co ) is equal almost everywhere to a continuous H-valued function 
defined on [0, T], P-a.s. and 


u(t) 


= uo - I [tHu( 

Jo 


f f(s)ds+ f 
Jo Jo 


(s) + B(u(s))]ds + I f(s)ds+ I G(u(s)) dW(s), f e [0, T], 


Let us emphasize that equality (15.21 ) is understood as the one in the space V', see Remark 13.61 


(5.2) 


The next result is El Lemma 7.3]. 

Lemma 5.2. Assume that all conditions in parts (H.l)-(H.3) and (H.5) ofAssunwtion \3~T\ are satisfied. In addition 
we assume that the Lipschitz constant ofG is smaller than V2, i.e. the map G satisfies condition (1G2I) in part (H.2) 
of Assumption [77771 with L < V2. Assume that uq 6 H. If u\ and U 2 are two solutions of problem (13.21 ) defined 
on the same filtered probability space (O, fT, F, P) and the same Wiener process W, then TP-a.s. for all t e R + , 

U\(t) = u 2 (t). 

Because from now we will be dealing with the pathwise uniqueness of solutions let us formulate the following 
assumption on the stochastic basis. 

Assumption 5.3. Assume that (Q, f, F, P) is a stochastic basis with a filtration F = \fFi\ t > o and W = (W(t)) t> 0 is 
a cylindrical Wiener process in a separable Hilbert space K defined on this stochastic basis. 

We will often consider problem (13.2b with the initial data // () = 6 Uo for some deterministic uq e H, and hence 
we explicitly rewrite that problem in the following way: 


du(t ) + u(t)dt + B(u{t), u(t)) dt = f(t ) dt + G(u(t)) dW(t), t > 0, 

{ «( 0 ) - uo, (53) 

To avoid any confusion, a martingale solution to problem (15.3b with initial data mq e H, is a martingale solution to 
problem (13.2b with po = 8 Uo . 

For the completeness of the exposition let us also recall a notion of a strong solution. 

Definition 5.4. Assume that uq e H and / : [0, oo) —> V'. Assume Assumption 15.31 We say that an F- 
progressively measurable process u : [0, oo) x LI —> H with P - a.e. paths 

u(-, or) 6 C([0, oo), H w ) n Lf oc ([0, oo); V) 

is a strong solution to problem (15.3b . i.e.. 


f du(t) + 3lu(t)dt + B(u(t),u(t))dt - f(t)dt + G(u(t))dW(t), t > 0, 
) u( 0) = uo, 
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if and only if for all t e [0, oo) and all v e r V the following identity holds P - a.s. 


(w(f),v) H + I (Jlu(s),v) ds + I (B(u(s),u(s)),v) ds 

Jo Jo 

= (mo,v) h + f (f(s),v)ds + (J' G(u(s))dW(s),vj 


and for all T > 0, 


E[ sup |m(0Ih + f \Vu(t)\ 2 dt\ < oo. 
L fet0,r] Jo J 


(5.4) 


Let us recall two basic concepts of uniqueness of the solution, i.e. pathwise uniqueness and uniqueness in law, 
see 133j|, [45]. Please note the following difference between problems (13.2b and (15.3b . In the former, a law of the 
initial data is prescribed, while in the latter a initial data is given. 


Definition 5.5. We say that solutions of problem (15.3b has pathwise uniqueness property if and only if for all 
Mo € H and / : [0, oo) — » V' the following condition holds 


if u', i = 1,2, are strong solutions of problem o on (£2, f, F, P, W) satisfying Assumption 15.51 

then P-a.s. for all t e [0, oo), u l (t) - u 2 (tj. 


(5.5) 


Assume that uq e H and / : [0, oo) — > V'. A solution u to problem (15.31 ) on (£2, T, F, P, W) satisfying Assumption 
15.31 is said to be pathwise unique iff for every solution 5 to problem (15.31 ) on the same (£2, T, F, P, W), one has 


P-a.s. for all t e [0, oo), u(t ) = 5(f). 

Definition 5.6. We say that problem (13.21) has uniqueness in law property iff for every Borel measure p on H and 
every / : [0, oo) —> V' the following condition holds 

if(Q', l 7 r! , F', P ! , W', m'), i — 1,2, are such solutions of problem (13.2b that (5.6) 

then Lawpju 1 ) = Law\\a(u 2 ) on C([0, oo), H w ) D L^ oc ([0, oo); V), 

where Lawpfu 1 ), i - 1,2, are by definition probability measures on C([0, oo), H„.) Pi L 2 ([0, oo); V). 

Corollary 5.7. Assume that conditions (H.1)-(H.3) and (H.5) of Assumption 1371 are satisfied and that the map 
G satisfies inequality (lG2b in part (H.2) of Assumption 1X71 with a constant L smaller than Assume also that 
(£2, f, F, P, W) satisfies Assumption ^. 3\ Then for every uq € H. 

1) There exists a pathwise unique strong solution u on (£2, f, F, P, W) of problem (15.3b . 

2 ) Moreover, if u is a strong solution of problem (15.3b on (£2, f, F, P, W), then for P -almost all u> 6 £2 the 
trajectory u(-, a>) is equal almost everywhere to a continuous H-valuedfunction defined on [0, oo). 

3) The martingale solution of problem (13.2b with po = 6 Uo is unique in law. In particular, ififil’, IF', F', P l ,W', u'), 
i — 1,2 t are such solutions to problem (l32l >. then for all t > 0, the laws on H of H-valued random variables 
lift) and u 2 (t ) coincide. 

Proof. The proof of part (3) given in lHijill yields the uniqueness in law in the trajectory the space C([0, oo), H„.) D 
L L([°’ °°); v )’ hence in C([0. T], H w ) D L 2 (0, T ; V) for every T > 0. □ 
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Let us emphasize that, by definition, we require a martingale solution of the Navier-Stokes equation to satisfy 
inequality (13.5b . i.e. 

E[ sup |m(0Ih + f |Vw(f)| 2 Jf| < °o. 

L te[0,r] Jo J 

In Theorem 14.81 covering both 2D and 3D domains, we proved that there exists a martingale solution satisfying 
stronger estimates, i.e. (l4~8l>- (l4Tn >. However, in the case when (J is a 2D domain, we can prove that every 
martingale solution satisfies these inequalities. 


Lemma 5.8. Assume that d — 2 and that conditions (H.1)-(H.3) and (H.5) from Assumption \3.1\ are satisfied. 
Then the following holds. 


(1) For every T > 0, R\ > 0 and R 2 > 0 there exist constants C\(p) and Clip) depending also on T, R\ and 
R 2 such that if po ^ a Borel probability measure on H, f e L p (0,T',V') satisfy f H \x\ p po(dx) < R\ and 
\f\u>{p,T-y) < Ri, then every martingale solution of problem (13.2b with the initial data po and the external 
force f, satisfies the following estimates 

f( sup |«0)|y) < Ci(p) (5.7) 

se[0,T] 

and 

E[f \u(s)\ P H 2 \Wu(s)\ 2 ds]<C 2 (p). (5.8) 

Jo 

In particular, 

E[ f \Vu(s)\ 2 ds]<C 2 :=C2(2). (5.9) 

Jo 

(2) Moreover, if O is a Poincare domain and the map G satisfies inequality (1G3I) in part (H.2) of Assumption 
\3.1\ with Aq — 0 (and with p e [0, 00 ) and q 6 (0,2]), then the process u satisfies additionally the following 
inequality for every t > 0 


E[|m(0Ih] + ^E 


f 

Jo 


\Vu(s)\ 2 ds 


)<E[|m(0)| 2 ] + 


2 r' 
U Jo 


\f(s)\;,ds+pt. 


(5.10) 


The proof of Lemma [5781 is similar to the proof of estimates (5.4), (5.5) and (5.6) from Appendix in | id]. The 
difference is that the solution process u to which the Ito formula (in a classical form, see for instance |33|]) was 
applied was taking values in a finite dimensional Hilbert space H n and u was a solution in the most classical way. 
Now, u n is martingale solution to problem (13.2b . see Definition 13.21 

If we assume that d - 2, by Lemma III.3.4 p. 198 in |54], we infer that the regularity assumption (13.3b implies 

that 

B(uf, to ), u(-, to)) 6 L( oc ([0, 00 ); V') for P-a.a. to e Q. 


This however does not imply that 


E 


f IB(u(t), 
Jo 


u(t))ly,dt < OO 


what is necessary in order to apply the infinite dimensional Ito Lemma from l47fl . 
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Fortunately, we can proceed as in the proof of the uniqueness result, i.e. Lemma 7.3 from lIThh . i.e. introduce a 
family tn, IV g N of the stopping times defined by 

rjv := infjf 6 [0, oo) : |w(f)| H > N), iVeN. (5.11) 

and then consider a stopped process u(t A t.y), t > 0. Note that with this definition of the stopping time t,y, we have 

E I \B(u(t),u(t))\y, dt < CN 2 E I \\u(t)\\ 2 dt < oo. 

Jo Jo 


Remark. If d = 3, then 

to), u(-, to)) g L 4/3 ( 0, T\ V') for P-a.a. well. 

Thus, in this case the above procedure with the stopping time t n does not help. 

Proof of Lemma 13751 Let us fix p satisfying condition (13.1b . As in the proof of Lemma A|U we apply the Ito 
formula from 114711 to the function F defined by 

F : Hbih \x\^ g K. 

With the above comments in mind and using Remark l3T5l we have, for t 6 [0, oo), 


\u{t A TaO| p - |m(0)| p = 


^tAT N 

= j, I" 1 "' 


(5)r 2 <«(^), -fAu(s) - B(u(s)) + f(s )) 


4 Tr [f"(h(s))(G(h(s)),G(h(s)))]] ds 


•VATjv 

+ p I | u(s)r z (u(s),G(u(s))dW(s)) 

Jo 

■'IAT n 


J 

Jo 


J r*tATN 

\u( 

0 

V 

[~P |m(s)I p_ 2 IIm(s)H 2 + p\u(s)\ p ~ 2 (u(s),f(s)) 

J-Tv\F''(u(s))(G(u(s)), G(m( S )))]] ds 

+ p | u(s)\ p - 2 (u(s),G{u(s))dW{s)). 

Jo 

Proceeding as in the proof of Lemma A [I] we obtain 

| u(t A t n )\ p + 6 f 0 tArN |M(s)r 2 |V M (s)| 2 ds 

< \um p + K p {Aq,p) f 0 ' ATN Iu(s)\ p ds + + E-P' 2 f 0 ,ATN \f(t)ly, ds 

+ p f 0 ' | u(s)\ p - 2 (u(s), G(u(s )) dw(s)), t G [0, oo), 


where K p (A 0 ,p) = ^-J-[A 0 p + 2+ p(p - 2)]. 

By the definition of the stopping time T.y we infer that the process 


Pn{1) 


ptATu 

:= I I«' 

Jo 


(s)r 2 (u(s), G(u(s)) dW(s)), t G [0, oo) 


(5.12) 


(5.13) 
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is a martingale. Indeed, if we define a map 


8:V3kh{K31h(k, G(u)k) e H) 6 T >(K, I 


then /r,v(f) = JJ TN |w(i)| p 2 g(«(5))r/W(i) and, since the map G satisfies inequality (1G3I) in part (H.2) of Assumption 
13.11 we infer that for every t > 0, 

X /atm nt/\T N 

ll|M(s)l p - 2 ^(M(s))llr,(K,R) c/s = J o |M(s)l / ’ _2 ll^(«('S))llr 2 (K,R)' i ' s (5-14) 

X t/\T N nt/\T N 

|M(s)r 2 |M(s)| 2 ||G(M(s))||^ 2(KH) ds < J |«(i)| p [(2 - rf) |Vw(f )| 2 + A 0 \u(t)\ 2 + p]ds 

J ntAT N 

\Vu(t)\ 2 dt + tN p (A 0 N 2 + p). 
o 

Hence by inequality (13.51 ) we infer that 


E 


r*tATN 

I II |h(s)I p ~ 2 g(u(s)) ||^ (KR) ds < oo, t> 0. 

Jo 


and thus we infer, as claimed, that the process // v is a martingale. Hence, E[/r, v (f)] = 0. Let us now fix T > 0. By 
taking expectation in inequality (15.131) we infer that 


E [|n(f A tjv)| p ] < E[|m( 0)| p ] + K p (Ao,p ) fg ATN E [|m(s)P] ds + t A t n ) + s pl2 (t A tjv)|/Iv- 

< E[| M (0)H + K p (A 0 ,p) f 0 ' AT " E [|«(s A r w )r] ds + T(y + e^ /2 |/|^), t e [0, J]. 
Hence by the Gronwall Lemma there exists a constant C = C P (T, r/, Ao,p, E[|m( 0)| p ], |/| /p(0 r . v ,,) > 0 such that 

E [\u{t A Tiv)| p ] < C, te[0,T]. (5.15) 

Using this bound in (15.131 ) we also obtain 


E 


s'TAtn 

1 1 


\u(s)\ p 2 \Wu(s)\ 2 ds 


< C 


(5.16) 


for a new constant C = C p {rj, E |m( 0)| p , E J |/(i)|y, ds) > 0. Finally, taking the limit N —> oo and observing that 
T A tn —> T, by the Lebesgue dominated convergence Theorem we infer that for the same constant C we have 


E 


f 


sup E [|w(f)| p ] < C, 

(5.17) 

t€[0,T] 


T 

|M(i)r 2 |Vt/(s)| 2 £/5 <C. 

(5.18) 


This completes the proof of estimates (15.81 ) and (15.91 ). The proof of inequality (15.71 ) is the same as the proof of 
inequality (1A.2I ) and thus omitted. 

To prove inequality (15. 10b in the case O is a Poincare domain we use the same arguments as the proof of 
inequality (lA.5b . This time however, the solution to the Galerkin approximating equation is replaced by the stopped 
process u(t A tn), t > 0. Let us recall that in the space V we consider the inner product ((•, •)) given by (12.2b . 
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By identity (15. 121) with p = 2, we have 


t N 1 

{-2 ||m(s)|| 2 + 2 <m(s), /) + -Tr[F"(u(s))(G(u(s)),G(u(s)))]}ds 


+ 2 


WATjv 

Jo ' 


(m(s),G(m(s))c/W(s)), f > 0. 


Since E( Tn (G(u(s )), m(s) aW(/))) = 0, we infer that 


r tAT N ^ r tATN 

E\u(t A tn)^ < E[ |m(0)Ih ] + E {-2||m(s)|| 2 + 2</(s), m(s)» ds + E |G(m(s))|;L kh ds. 

Jo Jo “ ’ 

Taking next the N —> oo limit, since the map G satisfies inequality (IG3t in part (H.2) of Assumption 1 3.1 1 with 
do = 0, i.e |G(m(s))|^ h) < (2 - 77 )||m(s)|| 2 + g, we get 


E|n(0li 


< -pE f \\u< 
Jo 


(5)|| ds + E[ |m(0)Ih ] + 2E (f(s\ w(s')) ds + 




Since 2 (f,u(s)) < 4|Vm(s)[ 2 + ^|/[y- we infer that 


E|n(f)|u < 


--E f 

2 Jo 


||m(s )|| 2 Js + E[|m(0)|?,] + 


2 r' 
n Jo 


lf(s)ly, +gt, t> 0. 


The proof of inequality (15.101) is thus complete. This completes the proof of Lemma 15. 8 1 

Note that if / : [0, 00 ) —> V' is constant, it satisfies assumption (H.3). In this case we will write / 6 V'. 


(5.19) 

(5.20) 

□ 


By Theorem l4. 1 H Corollarv l5.7l and Lemma [5~8l wc obtain the following result about the continuous dependence 
of the solutions to 2D SNSEs with respect to the initial data and the external forces. 

Theorem 5.9. Let d = 2. Let parts (H.l )-(H.2), (H.5) and (lG2b with a constant L smaller than V2, of Assumption 
IJ. 71 be satisfied. Assume that uq e H, / 6 V' and that an H-valued sequence (mo,h)^Li is weakly convergent in H 
to mq, and that an V' -valued sequence (/,)„ =1 is weakly convergent in V' to f. Let 


(Ll n ,T n ,E n ,V n ,W n ,u n ) 

be a martingale solution of problem (l53l > on [0, 00 ) with the initial data no,„ and the external force /„. Then for 
every T > 0 there exist 

• a subsequence (n k ) k , 

• a stochastic basis (LI, F, P), where F = \fFt\t> 0 , 

• a cylindrical Wiener process W = W(t), t 6 [0, 00 ) defined on this basis, 

• and an F -progressively measurable processes u(t), (u„ t (t)) k>l ,t e [0, T] (defined on this basis) with laws 
supported in ffr such that 
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and the system 


u„ k has the same law as u„ k on ffr and u, lk —* u in ffr, P - a.s. 


(Q, 'F,F, P, W, u) 


(5.21) 


(5.22) 


is a martingale solution to problem (15.3b on the interval [0, T] with the initial law 6 Uo . In particular, for all t e [0, T] 
and v € V 

(u(t), v) H - (m(0),v) h + I" (^lu(s), v) ds + I" (B(u(s)),v) ds 
Jo Jo 

= J' </, v> ds + (J G(u(s)) dW(s), v). 

Moreover, the process u satisfies the following inequality for every p satisfying condition (ED and q 6 [1, p] 

E[ sup |S(i)|y] + Ef r ||S(i)|| 2 t/il < oo. 

s£[0,r] L Jo J 


(5.23) 


Proof Let p be any exponent satisfying condition ( 13.1b . Since the sequences («o„)“l i c H and (/„)“ , c V' 
convergent weakly in H and V', respectively, we infer that there exist R i > 0 and R 2 > 0 such that 

sup |mo,„| h < R\ and sup ||/,|| v , < R 2 . 
ne N ne N 


By Lemma 15781 we infer that the processes u n , n e N, satisfy inequalities (I4.8b - (I4. 10b . Thus the first part of the 
assertion follows directly from Theorem l4.11l Inequality (15.23b follows again from Lemma [5781 The proof of 
theorem is thus complete. □ 

Remark 5.10. Although this has not been studied in the present paper, we believe that methods developed here 
can be used to study the continuous dependence of the solutions on other parameters entering our equations, for 
instance the linear operator A, the nonlinearity B and the diffusion operator G. 

6. Existence of an invariant measure for Stochastic NSEs on 2-dimensional domains 

In this section we assume that d -2. Since we are interested in the existence of invariant measures we assume 
that the domain O satisfies the Poincare condition see ED-El Howe_ver, our results are true for general domains 
for the stochastic damped Navier-Stokes equations, see for instance 1221. 

Since we assume that O is a Poincare domain, by the Poincare inequality, see (12.4b . the functional given by the 
formula 

ll«ll = |Vm| l2 , u e V, (6.1) 

is a norm in the space V equivalent to the norm given by (12.3b . 

In the sequel, in the space V we consider the norm given by ED. 

We aim in this section to prove that, under some natural assumptions, problem (13.2b has an invariant measure. 
Let us fix, as in Assumntions l5.3l a stochastic basis (f l, T, F, P) with a filtration F = \T,],>()', a canonical cylindrical 
Wiener process W = W(t ) in a separable Hilbert space K defined on the stochastic basis (Q, T, F, P). We also fix a 


3 It is well known that this condition holds if the domain O is bounded in some direction, i.e. there exists a vector h € such that 

O n (h + O) = 0. 
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function G : H —> TLfK, V') satisfying condition (H.2) in Assumption B.ll and. in addition, the Lipschitz condition 
(lG2b with a constant L smaller than s/2, and inequality (lG3b with do = 0. The last assumption on do corresponds 
to the fact that in O we consider the norm given by (16.1b . In what follows the initial data uq will be an element of 
the space H. By u(t, no), t > 0, we denote the unique solution to the problem (15.3b (defined on the above stochastic 
basis satisfying Assumptions l5.3l >. 

For any bounded Borel function ip e 'BfH) and t > 0 we define 

(P,ip)(u 0 ) - E[<p(u(t,u 0 ))], u 0 e H. (6.2) 

Since by Lemma I5TI the trajectories m(-, no) are continuous, (P ,) t >o is a stochastically continuous semigroup on the 
Banach space C*(H). This means that for every ip e C/,(H) and no e H 

lim P,ip(u 0 ) = u 0 . 

r->0 

As a consequence of Corollary 15. 7 1 we have the following result. 

Proposition 6.1. The family u(t, no), t > 0, no e H is Markov, hi particular, P t+S — P,P s for t, s > 0. 

The proof of Proposition ^. 1 | is standard and thus omitted, see e.g. I H, M Section 9.2], 0 Section 9.7], 

Proposition 6.2. The semigroup P, is bw-Feller, i.e. if f : H —> R is a bounded sequentially weakly continuous 
function and t > 0 then P,(f> : H —> R is also a bounded sequentially weakly continuous function. In particular, if 
uq„ —> uq weakly in H then 

P,(p(u 0n ) -> P,(t>(u Q ). 

Proof of Proposition ^. 2\ Let us choose and fix 1 > 0, uq e H and an H-valued sequence (iU)„) that is weakly 
convergent to uq in H. Let also f : H —> R be a bounded sequentially weakly continuous function. Let us choose 
an auxiliary time T e (f, oo). 

Since obviously the function P t f : H —> K is bounded, we only need to prove that it is sequentially weakly 
continuous. 

Let m„( 0 = n(-, uq„), respectively «(•) = «(•, uq), be a strong solution of problem (15.3b on [0, oo) with the initial 
data uq iu resp. uq. We assume that these processes are defined on the stochastic basis (Q, T, F, P, W). By Theorem 
I5.9l there exist (depending on T) 

• a subsequence («*)*, 

• a stochastic basis (O, T, F, P), where F = {'Fs} J e[o, 7 ’]j 

• a cylindrical Wiener process W = W(s), s £ [0, T] defined on this basis, 

• and an F-progressively measurable processes u(s), ( u„ k (s )) k>1 , s e [0, T] (defined on this basis) with laws 
supported in Xt such that 

u„ k has the same law as u„ k on Xt and u„ t —> u in Xt, P - a.s. (6.3) 

and the system 

(fi,f,f,P,W,S) (6.4) 

is a martingale solution to problem (15.3b on the interval [0, T] with the initial data Mo- 
In particular, by (16.3b . P-almost surely 


u„ t (f) —* u(t) weakly in H. 
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Since the function f : H —> R. is sequentially weakly continuous, we infer that P-a.s., 

<p{u nt {t)) -> 4>{u{t')) in R. 

Therefore, since the function f : H —> R is also bounded, by the Lebesgue Dominated Convergence Theorem we 
infer that 

lim E[0(fi nt (f))] = E[0(fi(f))]. (6.5) 

k—> oo 

From the equality of laws of u„ t and u„ k , k e N, on the space ’Z.r we infer that 

E[if>(u„ k (t))] = E[<p(u„ k (t))] = P t <f>(u 0nk ). (6.6) 

Since by assumptions (Q, f, F, P, W, u) is a martingale solution of equation (15.31) with the initial data uq and 
(fl. J r , F, P, W, u ) is also a martingale solution with the initial of equation (15.31 ) with the initial data uq and since 
the solution of (15.31) is unique in law, we infer that 

the processes u and u have the same law on the space 'Z.,. 

Hence 

E[(p{u(t))] = E[0(k(O)] = Ptftuo). (6-7) 

Thus by (16.5L (16.61 ) and (16.7b . we infer that 


lim P,<f>(u 0nt ) = P,(/>(u 0 ). 

»oo 


Using the sub-subsequence argument, we infer that the whole sequence (P,(t>(u{)„)) nc xi is convergent and 

lim P,<p(uo„) = P,<t>(u Q ), 

tt—>oo 

which completes the proof of Pronosition l6.2l □ 

Remark 6.3. From inequality (15.101) and the Poincare inequality (12.41) . it follows that the following inequality 
holds for the strong solution u of problem (15.31 ) defined on the stochastic basis (Q, T, F, P, W ) 

f E|m(5)IhJs < ^-|m 0 Ih+ 77-(-l/lv' f ^ 0. (6.8) 

Jo Cri Cti't] > 

Proof of inequality (16.81 ). Let us fix f > 0. By the Poincare inequality (12.41 ) for almost all s e [0, t], 

|m(s)Ih < ^|Vm(s)[^ 2 . 

By (fSTTOt . in particular, we obtain 


?E f |Vt/(i)| 2 ds < |m 0 |h + (~\f\y. + e)t 
^ Jo 'I 

Hence we infer that 

f E\u(s)fcds <f |Vw(s)| 2 ds < ^-|m 0 | 2 + -^(-|/lv< + e)t, 
Jo C Jo Cq Cq'q > 

i.e. inequality (16.81 ) holds. 


t > 0, 


□ 


32 






Using inequality (16.81) we deduce the following result. 


Corollary 6.4. Let no e H and let u(t), t > 0, be the unique solution to the problem (15.31 starting from uq. Then 
there exists Tq > 0 such that for every s > 0 there exists R > 0 such that 


sup 

T>T 0 


h: 


(P:6J(H\M R )ds<e, 


(6.9) 


where B* = {v 6 H : |v| H < R). 

Proof. Using the Chebyshev inequality and inequality (16.81 ) we infer that for every T > 0 and R > 0 


H’ 


(P;S Uo )(H\E R )ds 


-if 


P({|m(s)Ih >R})ds 


i r T 

ei "' 


(^)Ih ds 


1 r 2 9 2/2 9 \n 


TR 2 Ci 7 


Thus the assertion follows. 


□ 


By Proposition 16.21 Corollary 16.41 and the Maslowski-Seidler Theorem [42, Proposition 3.1] we deduce the 
following main result of our paper. 

Theorem 6.5. Let O c Mr be a Poincare domain. Let assumptions (H.l)-(H.2) and (H.5) be satisfied. In addition 
we assume that the function G satisfies condition (1G2I) with L < V2 and inequality (1G3I) with do = 0. Then there 
exists an invariant measure of the semigroup (P t ) t > o defined by dO . i.e. a probability measure p on H such that 


P*P = P- 


Remark 6.6. In this section we have used strong solutions. In particular, in order to show a global inequality 
(16.81 which was a basis for Corollarv \6.4\ However, we could have easily avoided this. For instance, instead of the 
global inequality (16.81 we could prove that every martingale solution (12, T, F, P, W, u) of equation (15.31 with the 
initial data uq on the time interval [0, T] satisfies inequality (16.81 for only t e [0, T] but with constants C, q and p 
independent ofT. 


Appendix A. Uniform estimates of the solutions Galerkin approximatin equations 

Let us recall that the proof of existence of a martingale solution of the Navier-Stokes equations, given in JB, 
is based on the Faedo-Galerkin approximation in the space H„, see (5.2) in the cited paper. In order to continue 
we need to choose and fix a stochastic basis and thus we assume that Assumption 15.31 holds. We also fix an 
Tii-measurable H-valued random variable. Then the u-th equation is the following one in the space //„. 


f du n (t ) = ~[P n Jlu n (t ) + B„(u n (t)) - P„f(t )] dt + P„G(u„(t)) dW(t ), t > 0, 
| u n (0) — P n u 0 . 


Recall that H„ is a finite dimensional subspace spanned by the n first eigenvectors of the operator L given by (2.19) 
in |16], P n is defined by E (2.25)] and B n is defined on p. 1636 in iflhll . For details see [ 16s, Lemmas 2.3 and 


33 







2.4]. In particular, P n restricted to H is the orthogonal projection. The existence of a solution of equation (I A. 1 l i is 
guaranteed by Lemma 5.2 in Q. 

The following result corresponds to Lemma 5.3 from |1J§]. The proof of estimates (1A.2I >. < 1 A.3 b and < 1 A ,5b . 
is similar to the proof of estimates (5.4), (5.5) and (5.6) from Appendix A in Q. However, we provide the 
details to indicate the dependence of appropriate constants on the data, which will be important in the proof of 
continuous dependence of the solutions of the Navier-Stokes equations on the initial state uq and the external 
forces /. Moreover, if O is the Poincare domain, we prove a new estimate, see < 1 A ,5b . This estimate is of crucial 
importance in the proof of the existence of invariant measure. Recall that we have put - oo when t) — 2. 


Lemma A.l. Let Assumption\53\and parts (H.2),(H.3 ) and (H.5) of Assumption \3J\ be satisfied. In particular, we 
assume that p satisfies (ED , i.e. 


p e [2,2 + 


n 

2-p 


■). 


where rj e (0,2] is given in (H.2). 


(1) Then for every T > 0, v, R\ and R 2 there exist constants C\{p), C 2 ip), C 2 (j>), such that if uq e L p (Ll, fo, H), 
/ e Z/([0, oo); V') satisfy E[|mq|^] < R\ and |/|l/>(0,:t;V') 5= Ri> then every solution u„ of Galerkin equation 
ED with the initial data i/q and the external force f satisfies the following estimates 


supE( sup |m„(s)Ih) < Ci(p) 
ne N je[0,r] 


and 


and 


su 

neN 


pE[ r i u n ( 

N JO 


( s )Ih I Vm «( s )I 2 ^ c 2 (p), 


supE[ f \Wu n {s)\ 2 ds] < c 2 {p). 

ne N Jo 

(2) Moreover, ifO is a Poincare domain and inequality dG3b holds with Ao = 0, then for every t > 0 
sup(E[ |m„(0Ih ] + f |V«„(s)| 2 £/i ) < E[|m 0 Ih] + - f |/(i)| 2 ds + pt. 

n£N v L L JO " 1 Jo 


(A.2) 


(A.3) 

(A.4) 


(A.5) 


Proof of Lemma A[ 7] Let us fix p satisfying condition (13.11 ). We apply the Ito formula from [470 t° the function F 
defined by 


F :H3jh |x|^ 6 R. 

In the sequel we will omit the subscript H and write | • | := | • | H . Note that 

F'(x) = d x F = p ■ \x\ p - 2 ■ x , ||F"0c)|| = \\d 2 K F\\ < p(p - 1) ■ \x\ p - 2 , x e H. 


34 






With the above comments in mind, we have, for t e [0, oo), 


\u n (t)\ P - |Mh(0)| P = J" \p \u„(s)\ P ~ 2 (u n (s),-Jlu n (s) - B„(u„(s )) + Pnfis)) 

+ ^Tr [. F"(u n (s))(P n G(u n (s )), P„G(m„0)))]] ds 

+P f \u„(s)\ p ~ 2 (u n (s),P„G(u n (s))dW(s)) 

Jo 

= £ [-p |« B (i)r 2 H«»(i)l| 2 + P I Un(s)\ p - 2 ( Un (s), P„f(s )> 

+ ^Tr[F''(u„(s))(P n G(u n (s)), P„G(u n (s)))]\ ds 

+P f \u„(s)\ p ~ 2 (u„(s),P n G{u„(s))dW(s)). 

Jo 


Since 

and by (IG3b 


Tr [F"{u){P n G{u\ P n G(u))\ < p(p - 1) \u\ p ~ ■ \G(u)\. 


T 2 (K,H) 


l G ( M )lr 2 (K,H) ^ ( 2 - n) |V«| 2 + doM 2 +p, u e V, 


, weV, 


and since by (12.3b and the Young inequality with exponents 2, -^4 and p, 

P ^ 


\u\ p - 2 {f,u) < mmmivI/v = i«r z (M 2 + ivMi 2 ) 3 i/i v , 


-2/|. .2 


,| 2 \ 2 


1 1 


-Pt 2 


I/IC- 


< -(N / + iv M | z )| M r z + (---)| M r+ Wlv , 

2 2 PP 

£ 1 _1_ o 1 c 

< -|V«| 2 |«r 2 + (—-)|«p +- \f\ p v „ ue V,/eV', 

2 2 PP 


we infer that 


+ [p - p| - \p(p - !)(2 


p(l +s) 


-t])] f \u n (s)\ p - 2 \Vu n (s)\ 2 ds 
Jo 


< |Wn(0)|+ ( 


f) 


(A.6) 


Dl u n (s)\ p + e ~ pl2 |/«, + -p(p - 1) | M „(s)r 2 • (J 0 \u„(s)\ 2 + p)] ds 


'|7 do , , 

—P(P - 1) + 


2 v 2 

+P f |M„(i)| P_2 <M„(s),f 5 / I G(M„(5))^W(i)) 

Jo 

p( 1 +e) 


2 - l) ImhOF + ^PO - 1) KOF 2 +s P/1 |/(s)|y,] <is 


I l^»( 
Jo 


+p I I U n (s)l p 2 (u n (s), P,,G(u n (s)) dW(s)) 


Let us choose e e (0,1) such that 6 — 6(p, rj) := p - p| - jp(p - 1)(2 - ?/) > 0, or equivalently. 


e< 1 A [2-(p-1X2-77)]. 
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Notice that under condition (13.11 ) such s exists. Denote also 


K p (A 0 ,p ) := ^-p(p - l)+p- 1 +pp( 1 - -)^-r— = ~[A Q p + 2 + p(p - 2)]. 

2 p 2 2 

Thus, since by Young inequality x p ~ 2 < (1 - j;)x p + j l p ^ 2 for x > 0, we obtain 
\Un(f)\ P + 6 fi\u n ( S )\ p - 2 \Vu n (s)\ 2 ds 

< \um p + K p {Ao,p) f‘ \u n (s)\ p ds+p(p-l)t+s- p ' 2 f‘\f(s)\ p ,ds (A.7) 

+ p f 0 ' lu„(s)l p ~ 2 (u„(s), P„G(u„(s)) dW(s)), t 6 [0, oo). 

Since u n is the solutions of the Galerkin equation, we infer that the process 


Unit) •= f \u n (s)\ p 2 (u n (s),P n G(u n (s))dW(s)), t € [0, oo) 

Jo 

is a square integrable martingale. Indeed, if we define a map 

S:V3«HjK3lH (u, P„G(u)k) e H) e T >(K, R) 

then p„(f) = f Q ' \u„(s)\ p ~ 2 g(u„(s))dW(s) and hence, by assumption <lG3b and the fact that P„ is the orthogonal 
projection in H we infer that for every t > 0, 


Jf ll|M«(i)| P 2 g(Un(sMr 2 <Jt,WL) ds = 2 |l^(“«( i ))llr 2 (K,R) ds 

< £ |H fl (i)r 2 |M»(«)l 2 ll/ , »G(M»(«))llr 1 (Kffl ^ < f Ms)\ p [(2 - Tf) |Vm„(/)| 2 + d o k,(0l 2 + p] 


(A.8) 


Hence by the fact that u n is a Galerkin solution we infer that 


E f ll|w, ! 0)P’ VMnW)llr 2 (K,R) rf ' s < °°> 

v/0 


and thus we infer, as claimed, that the process p n is a square integrable martingale. Hence, E\p„(t)] = 0. Let us 
now fix T > 0. By taking expectation in inequality ( 1A.71 we infer that 

E[\u n (t)\ p ] ^ E[|«ol P ]+Wo,p) f' E[lu„(s)l p ]ds + p(p-l)t + £- p/2 Ef 0 '\f(s)l P ,ds 

< E[\uo\n+K p (Ao,p) /J E[\u n (s)\ p ]d S + p(p-l)T + s- p ' 2 E £\f(s)\ p Y ,ds, te [0,T]. 

Hence by the Gronwall Lemma there exists a constant C p = C P (T, r\, Ao,p, E[|koI p ], II/II^q r . v ,0 = C P (T, tj, A$,p,R\,Ri) > 
0 such that 

E[\u n (t)\ p ]<C p , te[0,T], ne N, 


sup sup E [|k„( 0I p ] < C p . 

ne N f€[0,r] 


(A.9) 
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Using this bound in (1A.7I) we also obtain 


supE 

tie N 


f" I Un 

Jo 


(s)\ p ~ 2 \Vu n (s)\ 2 ds 


< C 2 (P) 


(A. 10) 


for a new constant Clip) = Clip, T, rj, Ao,p, E[|moI p ], II/II^q r . v ,)) = C 2 ip,T,ri,Ao,p,R\,Ri). This completes the 
proof of estimates (1A.3 I i. Since E[|wo[ 2 ] < (E[|wol' p ])^ < R~/ p , we infer that (IA.4b holds with another constant 
Clip). 

Let us move to the proof of estimate ( 1A.2I >. By the Burkholder-Davis-Gundy inequality, see 12711 . the Schwarz 
inequality and inequality (1G3I) . there exists a constant c p such that for any t > 0, 


E 


sup 

0 <s<t 


< c p ■ E 


<c„-E 


f p \u„(cr)\ p 2 (u„(cr), P n G(u n (cr)) dW(cr)) 

Jo 

t J. 

(£ Wn(cr)\ 2p - 2 ■ \P n G(u n (cr))\ 2 r2(K H) dc7 ■)' 

u n ((r)\'(Jo ][Un ^ P ~ 2 ' WunicDtfr^dcr) 

] + ^C 2 J \Unicr)\ p ~ 2 ■ \G{u n {cr))\ 2 T2(K Wj d(r 

\c 2 p \u n (cr)\ p ~ 2 ■ [(2 - Ti)\u n (cr)\ 2 + A 0 \u„(cr)\ 2 + p] dcr 

f |M„(cr)| /, ||M„(cr)|p dcr 
Jo 


sup 

0 <<r<t 


_l_ 


< -E [ sup \u„(s)\ p 

^ 0<s<t 

< ^E [ sup \u n (s)\ p ] 

^ 0 <s<t 

< ^E [sup |m„ 0)| p ] + \c 2 —t + )-c 2 i 2 - p)E 

2 0 <s<r 2 ‘ p 2 p 

± o / /„ z, \ \ _ 1 ! 

+ 


“C 2 (t 0 +p(l - pj ■ E \u„(cr)\ p do¬ 
using llA.l 11 1 in ( 1A.7L by inequalities ( lA.9b and ( IA. 1 Ob we infer that 


K, 


■(Ao,p) + +p(l - ^fj E [|m„(s)| p ] ds 


E[sup \u n (s)\ p ] < E[ \uq\ p ] 

0<s<t 

+ (y + C l^) t + E ~ P ' 2 l/« ds 

+ ^E [ sup | u„(s)\ p ] + \c 2 p {2 - ? 7 )E [ f \u„(o-)\ p \\u n (o-)\\ 2 dcr 

^ 0 <s<t ^ LJo 


< E[|moH + 


K, 


,(Ao,p) + 2 c p(^° +p(l ~ 

p ' 2 f \m\ p w ,d S 

Jo 


Cpt 


Thus for a fixed T > 0 


+ —(2 + c 2 ) t + s 

P P 

+ ^E [ sup |h„(s)| p ] + ^c 2 (2 - Tj)C 2 (p), t > 0. 

£ 0 <s<t 


E [ sup \u n {s)\ p ] < Clip), 

0<s<T 
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(A. 11) 


























where 


Ci(p) = C\{p,T,ri,AQ,p,R u R 2 ) 
■= 2R\ +2 ' 1 


C P T 


iKp) + ^c 2 p [Ao + p(l _ “)) 

(— + 4~) T + 2s ~ pI2r 2 + c\i 2 - I/)C 2 (P). 


This completes the proof of estimate (lA.2b . 

To prove inequality (1A.5I) let us assume that O is a Poincare domain and inequality (1G3I) holds with To = 0. 
Recall that now in the space V we consider the inner product ((•, ■)) given by (12.21 ). By identity ( I A. 6b from the 
previous proof with p - 2, we have 

Kit) I 2 - |«(0)| 2 - £ {-2 ||m„(s)|| 2 + 2 (u„is), fis)) + iTr[F"(« B (s))(G(n J1 (i)),G(M II (j)))]) ds 

+ 2 f (u n is),R n Giu„is)) dWis)), t> 0. 

Jo 

Since E( (P ;i G(m„(s)), m„(s) JW(s)» = 0, we infer that 

E|m„(0Ih ^ E[|m 0 Ih] +e f {-2||i/„(s)|| 2 +2(fis),u„is))}ds + E f |P„G(« n (s))|i (KH) ds 

Jo Jo 

Using assumption (lG3b with To = 0 (i.e |G(m„(s))|^-, (X - H) < (2 - ? 7 )||m ;! (s)|| 2 + g) we get 


mml 


< -77E r \\u„ 

Jo 


(s)||"ds + E[ |m 0 Ih ] + 2E I (fis),uis))ds + gt. 


/■ 


Since 2 u(s)) < ||Vw„(s)| 2 + ^|/|y, we infer that 


EMOlo < 


£ \k 


(5)H 2 ^ + E[|m 0 | 2 ] + 


2 r' 
n Jo 


lfis)l 2 v , +gt, t> o. 


The proof of inequality (lA.5b is thus complete. 


(A. 12) 

(A.13) 

□ 


Appendix B. Proof of Theorem l4.8l 

Similarly to the proof of Theorem 5.1 in El the present proof is based on the Galerkin method. We will use 
the fact the the laws of the Galerkin solutions form a tight set of probability measures on Xt- We will use the 
Jakubowski’s version of the Skorokhod theorem 14.61 as well. However, some details are different. 

Let us fix positive numbers T, R\ and R 2 . Let us assume that p is a Borel probability measure on H, / e 
L p ([0, oo); V') which satisfy \x\ p g(dx) < R\ and |/|lp(o,:t;V') ^ R 2 - Similarly to the previous section we choose 
and fix a stochastic basis and thus we assume that Assumt>tion l5.3l holds. We also fix an ^-measurable H-valued 
random variable whose law is equal to p. 

As in the proof of El Theorem 5.1] let (u n )„cji be a sequence of the solutions of the Galerkin equations. Then 
the set of laws {£,iu„,n 6 N) is tight on the space iZr^i 7V)), where ct(Tt ) denotes the topological cr-field. By 
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theorem l4~6l there exists a subsequence («*), a probability space [Cl,T, P) and, on this space .2// -valued random 
variables u, u„ k , k e N, and a sequence of K-valued Wiener processes W, W„ k , k e N such that 

the variables (u nt , W) and (u„ k , W„ k ) have the same laws on the Borel cr-algebra £(Z,t x C([0, T], K)) (B.l) 

and 


(u„ k , W„ t ) converges to (m, W ) in Zt x C([0, T]; K) almost surely on Cl. 


(B.2) 


In particular. 


u„ k converges to u in Zt almost surely on II (B.3) 

We will denote the subsequence ( u „ k , W„ k ) again by (u„. W n ). Define a corresponding sequence of filtrations by 

E« = (T n ,t)i>o, where T n ,t = o-{(u„(s), W n (s )), s<t}, t e [0, T], (B.4) 


To obtain (14.8b . we modify the proof from 16fl at pages 1650-51. Namely, using Lemma AQ] we infer that the 
processes u n , n 6 N, satisfy the following inequalities 


supE( sup |m„(s)Ih) < Ci(p) 

«eN J£[0,r] 


(B.5) 


and 

supE[ f \Vu n (s )\ 2 L 2 ds\ < c 2 (p). (B.6) 

«eN Jo 

Let us emphasize that the constants C\(p) and Chip), being the same as in Lemma AjT] depend on T, R\ and 
R 2 ■ Using inequality ( IB. 5 b we choose a subsequence, still denoted by (it,,), convergent weak star in the space 
LP(Cl; L°°(0, T ; H)) and infer that 

E[ sup |m(s)|^] < Clip) (B.7) 

se[0,T] 

and that the limit process u satisfies (IB.7b . as well. This completes the proof of inequality (14.9k To prove (14.8b let 
us fix q € [1, p). Notice that for every t e [0, T] 

m\ q - (i uit)\ p ) qlp < (sup 1 uit)\ p f p . 

te[0,T ] 

Thus, sup, £[0 r] |«(f)| 9 < (sup f£ j 0 r] \uit)\ p> j q ^ , and so by the Holder inequality 

e[ sup \u(t)\ q ] < e[( sup \u(t)\ p ) qlP ] < (e[ sup \u(t)\ p ]\ < (Ci(p)) q/P , 

fe[0,r] te[0,T] ^ ?G[o,r] ’ 

which means that inequality (14.81 ) holds with the constant C\ip,q) := iCi(p)) q ^ p . 

By inequality (IB. 61 ) we infer that the sequence (it,,) contains further subsequence, denoted again by («„), con¬ 
vergent weakly in the space L 2 ([0, T] x Cl; V) to u. Moreover, it is clear that 

£[ f |V«(^)l| 2 ds] < C 2 ip) (B.8) 

Jo 

and the process u satisfies (14.101 ). 
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To prove the second part of the theorem we assume that O is a Poincare domain and inequality (IG3b holds with 
To = 0. In this case, by Lemma A|T] instead of inequality (IB.61) we can use the following one corresponding to the 
uniform estimates (1A.5I) . 


n 

2 



|V3„(s)& ds 


2 r 1 

<E[|m 0 Ih] + - | f(s)\ 2 v ds + pT, 

r l Jo 


(B.9) 


choose a subseqence convergent weakly in the space L 2 ([0, T] x O; V) to u and infer that the limit process satisfies 
the same estimate, which proves estimate ( 14 . 1 II ). We will prove that the system (Cl, < Jr, F, P, u) is a martingale 
solution of problem ( 13 . 2k 


Step 1. Let us fix p e U. Analogously to 13|] and 114311. let us denote 

W n , <p)(t) : = (u n (0), p) H - f (P„Jlu n (s),p)ds- f (B„(u„(s)),p)ds 
Jo Jo 

+ £ (f„(s),tp)ds + (£ P„G(u n (s))dW n (s),p), /6[0,r], 


and 


(B.10) 


A(n, W, p)(t) := (m(0) 


f (&u(s),<p)ds- f (B(u(s)), (p)ds 
Jo Jo 


£ <f(s), V) ds + (£ G(u(s)) dW(s), p), t e [0, T], 


CB. 11) 


Using Lemma 2.4(c) from see also |43| Lemma 5.4], we can prove the following lemma analogous to Lemma 

km 


Lemma B.l. For all p e U 

(a) hm„_ >00 Efjj' \(u„(t) - u(t), ^) H | 2 dt] = 0, 

(b) lim MOO E[|(w„(0) - w(0), i/j) h | 2 ] = 0, 

(c) lim^oo E[^ , j { (| ‘' (P n J[u n (s) - Jlu(s), p) ds| dt\ = 0, 

(d) lim„_ (00 E[J^| jT f (B„(u n (s)) - B(u(s)), p) c/s| dt] = 0, 

(e) E[ fj |j^ ( P„f„(s ) - f(s), p) ds\ dt] = 0, 

(f) lim MOO t\^\(^[P n G(Un(s)) - G(k(s))] dW(s), p)f dt] = 0. 

Directly from LemmaQ]we get the following corollary 
Corollary B.2. For every p e U, 

lim |(2„(0,<P) H - (M(0.<p) H l £2(B)> r, >< fl ) = 0 (B.12) 

and 

Jim |A n (u„, W,„ p) - A(u, W, = 0. (B.13) 
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Proof. Assertion (IB. 121) follows from the equality 


l(B»(0, 1P) H - («(')> ^)Hl^ ([ o,r ]x n) = I («»(*) - 5(0, v) H | 2 <*| 

and Lemma l4.12l (a~). To prove (IB. 131 ) let us note that by the Fubini theorem, we have 


W„, ip) - A (u, W, v?)| 


LHlo.rixn) 


f E[|A„(m„, Vk„, y?)(0 - A(m, W, <p)(t )| ]Jf. 
Jo 


To complete the proof of (IB. 131 ) it is sufficient to note that by Lemma[T|(b)-(f), each term on the right hand side of 
(IB. 101 ) tends at least in £*([(), T] xQ) to the corresponding term in ( IB. 1 II ). □ 


Step 2. Since u„ is a solution of the Galerkin equation, for all t e [0, T\ and < p e U 


{.Unit), tp) n = A n (u„, W, <p)(t), P-a.s. 

In particular, 

f E[|(m„0), ip) H - A„(u„, W, ip)(t) | ] dt = 0. 
Jo 

Since _£(«„, W) = W n ), using (IB.121 ) and (IB. 131 ) we infer that 

f E[|(m(0, (p ) H - A (u, W, ip)(t)\ ] dt = 0. 
Jo 

Hence for /-almost all t 6 [0, T] and P-almost all oj e Q 


(u(t),<p) H -A(u,W,cpm = 0, (B.14) 

Since u is -valued random variable, in particular u e C([0, 7’]; H lt ), i.e. u is weakly continuous, we infer that 
equality (IB. 141 ) holds for all t e [0, T] and all <p e U. Since U is dense in V, equality (IB. 141 ) holds for all tp e V, as 
well. Putting 21 (Q, f, P, F), by (IB. 141 and (IB. 1 II ) we infer that the system (21, W, u) is a martingale solution of 

equation (13.21 ). The proof of Theorem l4.8l is thus complete. 


Appendix C. Kuratowski Theorem 

The following is the classical form of the celebrated Kuratowski Theorem. 

Theorem C.l. Assume that A3, A3 are two Polish spaces with their Borel cr-fields denoted respectively by 
If <p : X\ — > X2 is an injective Borel measurable map, then for any E\ e !B(X 1), £2 := <p{E\) e t>(Xf). 

Let us formulate a simple corollary to the above result. 
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Proposition C.2. Suppose that X\,X 2 are two topological spaces with their Borel cr-fields denoted respectively by 
S(X\),!B(X 2 ). Suppose that f : X\ —> X 2 is an injective Borel measurable map such that for any E\ e 23(X\), 
E 2 4>{E\) € S(X 2 ). Then if g : X\ —» R. is a Borel measurable map then a function f X 2 —> R. defined by 


f(x 2 ) = 


gif '(> 2 )), 

00 , 


ifx 2 e f(Xi), 
if x 2 g *2 \ f(Xf), 


(C.l) 


is also Borel measurable. 


Proof Note that g - f of. 

f-\A) = f[g-\Aj\, Aci 

Thus, if A € S(R), then by assumptions g~'(A) e S(X 1 ). Hence by Theorem C|T|we infer that f[g~ l (A)] e S(X 2 ) 
and thus by the equality above, we infer that / 1 (A) e S(X 2 ). The proof is complete. □ 

One may wonder if the following a generalization of the above result to non Polish spaces is valid. 

Theorem C.3. Let X\ and X 2 be a topological spaces such that for each i — 1,2 there exists a sequence {//,,,) of 
continuous functions : Xj —> M that separate points ofX,. Let us denote by =5^- the cr-algebra generated by the 
maps {fi, m }. If f : X\ —> X 2 is an injective measurable map, then for any E\ € SP\, E 2 := <p{E\) € 5A 2 - 

The following Counterexample shows that the answer to the above question is No. 

Counterexample C.4. 1) Define fi,(x) = e 2,km , x e [0,1 ), for every integer k (trigonometric functions). 

2) Let X\ be a non-Borel subset of [0,1) equipped with the euclidean metric. 

3) Let X 2 denote [0,1) with the Euclidean metric. 

4) Denote by fj) the restriction of fi to X\. 

5) Then f£ are continuous and separate points in X\. 

6) Then are continuous and separate points in X 2 . 

7) cr(ff) = Borel(X 2 ) by Stone-Weierstrass. 

8) a(f ] k ) = {AnXj:A6 cr^.)} = {A n X x : A 6 Borel(X 2 )} = Borel(X 1 ). 

9) Let ip : X\ —> X 2 be the identity mapping. 

10) ip is a continuous injection. 

11) ip[X 1 ] is not Borel in X 2 . 
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